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PREFACE.

————

It is believed that the time has come for the introduction
of the study of Algebra into Grammar Schools. . The ele-
mentary processes of Algebra follow so closely the funda-
mental processes of Arithmetic, that the teaching of both
in the grammar grades is at once rational and feasible.
New text-books, especially adapted to this purpose, are,
therefore, necessitated. @ Such books should consist of
series of elementary lessons, inculcating a thorough knowl-
edge of algebraic processes and giving facility in the use of
algebraic symbols.

Elementary Lessons in Algebra aims to fulfil such a
demand. The Introductory Lessons set simply, but accu-
rately, before the learner, the combinations of literal quan-
tities into sums, differences, products, and quotients, with
little reference to arithmetical processes, and without
associating number values to the letters — often a source
of confusion to the beginner, who, for the first time, meets
with the use of letters as symbols. The fundamental pro-
cesses are placed after Simple Equations; and Equations
containing Two Unknown Quantities involving Elimina-
tion, follow Multiplication. This sequence is believed to
be more logical than placing the fundamental processes after
Equations of Two Unknown Quantities, Elimination being
in that case a merely mechanical process to the pupil. The
treatment of Factoring is particularly full, as its importance
demands. '

The development throughout is inductive, and is believed

to be simple and logical.
3
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ELEMENTARY LESSONS IN ALGEBRA.

——o0ig300——

INTRODUCTORY LESSONS.

LEsson 1.

1. What is the sum of @ and a ?

The sum of a and a equals 2a; read two a. 2 is called
the Coefficient of a.

Note. When a letter is written without a coefficient, as
in a + a, the coefficient is understood to be 1. Thus,
a+a=2a is equivalent to la + 1a = 2a.

2. Whatis thesumof a+a+a?

The sum equals 3a. What is the coefficient of a?

3. ba+3a=? 3b+5b=? 8c+10c=? 10y+8y="?
424+ 3x=? 6a+3a+4a=? 9a+2a+5a="?

4. 8b+40+6b=? 12x4+3x+45x=? 4dc+6¢c45¢="?
8y+4y+9y+3y=? 4x+6x+52x+102="?

5. What is the value of 2a —a ?

SoLuTION. 2a —a=a.
‘What is the value of 30 —b?
SorLuTION. 3b—b=2>.
3a—a="? 4a—-2a="? S5a—3a="? 6b—-2b="?
b

A



6 ELEMENTARY LESSONS IN ALGEBRA.

8. ba—4a="? Name the coefficients in this problem.
10c—8¢c=? 122—Tx=? 14y—-3y=? Nly—y=7?

7. 2a+4+3a—a="7?

SoLutioN. 2a+4+3a=5a. bSa—a=4a.
6r—32+4+22=? Oby+4y—3y=? 8zx—4x4+5zx="

8. 10a—3u+4a=? 4a—a+5a=? 9a—4a+4+2a=7?
9a45a4—3a=? 60a—56a+422a="? 35c+c—29¢c="?

9. 12¢—3a—-5a="?

SorLutioN. 12a—3a=9a. 9a—35a=4a.
8a—2a—a=? 10a—6a—a=? Ta—4a—-3a="

10. 16z—52—2=? 1ldz—Tx—22=? 18y—3y—9y="?
170 —-100—-5b=? 9¢—2c+4c=? 21¢c—14¢c—5c="?

11. What is the sum of @ and b ?

SorutioN. The sum of two numbers is expressed by a
third number; as 54+3=8,44+5=9. But the sum of dif-
ferent letters cannot be expressed by a third letter; hence
the sum of a and b is written a 4 b because there is no sim-
pler form.

12. What is the difference of ¢ and b ?

SorurioN. The difference of two letters cannot be ex-
pressed by a third letter. The difference of a and b is,
therefore, expressed as a —b when a is the greater, or as
b—a when b is the greater, because there is no simpler
form.

13. Write the sums of the following: a and ¢; = and v;
Sa and 3b; 12y, 3w, and 2a; 5a, 3b, and Tec.

14. Write the difference of & and y when « is the
greater ; when y is the greater. Of 5a and 4b when 5a is
the greater; when 4b is the greater.
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15. Sa+4+4b4+2b="? Ans. The sumisba 4 60.
3z 4+2y—z="? Ans. The value is 2z 4 2y.
S5z+22—y=? 3a+3b+2¢c=? 10y +2y+42x—3z="

6. 12z— 3w+ Ta=? 159+ 8y +9y—2y=" \
/ 102 —2c +da=2? 9a+10b—-4&—~3‘c=? <

18a+21c—-4a="? 6y—2y+y="?
! ' )
17. 192—18y—c+20y=2? 15a+13a—4a+2c=7?
Te4+4y—3x="? 21a+7bfl—3b+8a=?

18. 4c+3a—9b—-22=? 16y—12y—-3y—ax=7?

/ 180 — 1464+ 6b=" 4o+ 2y4+5y—3y="?

Lessox 11.

1. What is the sum of 2 and 2 ? . What is their product ?
The product is 2#. What is 2 ?

2. What is the product of 3 and z? 4 and b? 10
and y ?

8. 2x2a=? 3x2b=? 22x5=? Ix2xa="?
4. 6yx2x4=? 2x2yx3=? 2e¢XTx2=7?
5. Write the sum of each set of factors in Nos. 3 and 4.
6. What is the product of @ and b? 4
SoLuTION. a X b = ab, read a-b.

Note. In algebra the product of unlike letters is denoted
by writing them in succession. The order in which
the letters stand does not alter the value of the pro-
duct; i.e., ab=ba; abc=bac = acb = bca = cab = cba.

7. Write the product, sum, and difference of = and y;
band ¢; x and 3y; 3band 3.
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8. 2ax4b=? 6cxz=? Tyx3a=? 4dcxdy="?
Name the coefficients of the letters in these examples.

9. What is the product of a, b, and ¢ ?
SoLUTION. a X b X ¢=abe, read a-b-c.

10. cxeXy=? axcxez=? bxexy=? 2xxyxa=?
11. Write the sum of each set of factors in No. 10.
12. 2axcxz=? 2bx2cx2y="? 4bxbxx2y="?

13. a4+a=? axa=?
SoLtTION. @ X a = (aa)= a’ read a square.

Nore. When a letter is used two or more times as a
factor, the product is expressed by writing a small
figure above and to the right of the letter to show the
number of times the letter is used as a factor of the
product. This figure is called an Exponent. When a
letter is written without an exponent, the exponent
is understood to be 1; thus, a X ¢« = a' X a' = a®

When the exponent is 2, the product is called a Square.

When the exponent is 3, the product is called a Cube.-

14. Write the sum and product of b and b3 2y and y;
2zand 22; 3cand 2¢; Saand4a; Txand Tz; 10b4and 3b.

15. axaxa:?Aa+a+a=? rXeXX="?
2exz="? 6cx3ex2ec=7? 4bx5bxb="?

16. Write the product of 2w, 22, and z; 2a and 2a;
4¢, 3¢, and 2¢.  Write their sums.

17. Express the products and sums of the following :
a, b, b, and «a. b, ¢, ¢, and ¢c.
2, ¥ «, and 2. 4, 2, 2, y, and 2.

J
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Lessoxn III.

1. What are the factors of 4? Of 9? Of 27?

2. What are the factors of 2a ? Ans. 2and a.
3. What arethe factorsof 3¢? Of5x? Of Ty? Of135?
4

N

. Separate the following products into their prime fac-
tors: 4a; 6b; 10x; 16a; 12y; 28¢c; 27y; 14a.

. What are the factors of ab? Of ay? Of 2¢x?

3by ?
/B Factor 4abc; 6bxy; 27cxy; 14 acx; 16bcy.
. Factor a®
SOLUTION d=aa=a X a.

B. Factor a’; 0°; 4¢*; 16c’; 5a'y; 270%
9. Divide 24 by 4.
SorLuTION. 24+4=22=06.

10. Divide 4@ by 2.

SoLutioNn. 4a+2= é_‘! = 2 x22a

Nore. The process of division is indicated in the form
of a fraction, the dividend being the numerator, and the
divisor the denominator. The process of dividing thus
becomes equivalent to the cancellation of the equal
factors in the numerator and denominator.

=2a.

11. Indicate in fractional form the division of 27 by 3.
Of 2by 2. Of2a bya. Of4by2c Of2acbyay.
6b 0z _, 12y _, 2Tcx bex

12. ——-? —_— =/ Y = ? ._.___?
2 5 Y 9 b

~_/
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\
1

b
13, —=7?
2b
6b_3x20b
S . —= =3
OLUTION 5 53
14, 140 _, 16az_, 24cy_, 64bex_,
b 4a xy 16 bz
2 b8
15, —=7? —=7?
b b
bbb b® bbb
s N. —=—-=b —=—'=b2.
OLUTION 5= 7=
6. o 4¥_, 9P_, 21¥_, Mde_,
¢ x 3y 3b - Ta
acx
17, = =7
4 e
SOLUTION. Ll L,
c cc c
18. M=? 12a‘"'=? 160’:1::? 27b’cy____?
/ 219 24 a? dex 9 be’y

Lessox IV.

1. A boy spends b cents for a top and = cents for string.
How much money does he spend ?

2. In a schoolroom there are 4¢ girls and 2¢ boys.
How many pupils are there ? How many more girls than
boys ? Compare the number of girls and boys.

8. Mr. A. had 4 « acres and bought 20 acres more. How
many acres has he now ?

4. From a farm of ¢ acres, 50 acres were sold. How
many acres were left unsold ? 1
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5. A yard of silk costs x dollars. What is the cost of
3yards? Of 6 yards? Of halfa yard? Of b yards?

6. From a roll of carpet containing 25a yards, 10a
yards were sold. How many yards were left ?

7. What will be the total cost of 4 yards of calico at a
cents a yard, and of 5 yards of gingham at b cents a yard ?

8. How much more expensive is silk, at 3 y dollars a
yard, than woolen goods, at 2« dollars a yard ?

9. Land bought for $60 an acre was sold for ¢ dollars
an acre. How much was gained on the acre ?

10. I sold 16 cattle at a gain of y dollars per head.
How much money did I gain ?

11. How many square feet are there in a room b feet
long and ¢ feet wide ?

12. A square field is b rods long. What is its area?
What would be the cost of fencing the field at ¢ dollars a
rod ?

3. How many square feet of plaster are there in the
walls and ceiling of a room a feet long, b feet wide, and ¢
feet high ?

4. How many pencils at 5 cents each can be bought
for x cents ?

5. What is the price per acre if « acres of land cost
1000 ?

/16. What is the interest of b dollars for one year at 6% ?

’ ,;17. 1 bought a horse for ¢ dollars and sold him at a gain
Af 109,. What was the selling price ?
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SIMPLE EQUATIONS.
LEssox V.

The expressions 7 +12=19, 3a +2a=>5a, and 3a*=12
are called Equations. An equation is made up of two parts
or values joined by the Sign of Equality (=).

All written at the left of the sign of equality is known
as the First Member of the equation ; all written at the right,
as the Second Member of the equation. In the first of the
three equations given above, 7 4 12 is the first member; 19
is the second member.

1. What is the first member of the second equation?
Of the third ?

2. Write several equations having 6a for the second
member. ‘

3. Supply the second member in the following:

fcx gQ?f\_'

\l\‘ = . i

Note. In the equation 6a+ 4b=12, the first member

' contains two quantities to be added. In the equation
7a — 4a = 3a, the first member has two quantities, the
one to be subtracted from the other. These quantities
are called Terms. Thus, in the equation Ta +-4a—6a
=35a, the first member has three terms, i.e., 7a and
4a to be added, 6a to be subtracted. The second
member has but a single term.

da X da= 5a—3a=

4. Name the terms in each of the following equations :

ta+4b—3c=15  Gaw—2=10. 5¥4+5=30.

&

Which terms have coefficients? Which exponents ?
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In algebra, any letter used may represent any number
value. The pupil must remember, however, that no letter
hasg a fixed value; thus a in one problem may stand for the :
number 2, but in the next problem may represent 4 or-4, ete.

5. When a equals 2, what is the number value of a4-a?
SoruTION. at+a=2a=two 2s=4
6. Let a=3. a-{-&\—‘? ZLESa—? 4a—~2a=?

)r-z. Let b=4. - 6b—6+b="
14-2b=? 24—4b=? . .

. 8. Letc=6. ¢x4=? b6X2c=? *=? 4¢2—=6c="
36—-c+2c—8="7?

9. Letz=10. T2 9%_o 90_, 22 _,
X

2 25

52 32 _,

In the following examples, let a=2, b=1, c=4, =3,
y = 5;"and find the number value:

10. a+_b=? c—b=? v+t —c=? y+2a—2x="?
2c—24+y="?

11. be=? 5Sx3ax=? 2axz=? azy—Sr="?
2acy —cx—20="7?

—
12 c;—a,’=‘? da_, 4c_, 2abzx_, Bec_,
i o=t e
P—pi=? W_o, bE_, abay_, Ty_.,
c 1 10 b
~ v"}:.
13. 20, 2—wy+a:z:=? C_4_o
a ¢ a 2
22
- 4+==?
+3
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Lessox VI

1. ‘Stewa.rt has twice as many books as Charles. They
have together 21 books. How many has each?

SorLuTrroN. Since a letter has no fixed numerical value,
but may stand for any number, we may represent the num-
ber of books Charles has by z. Then since Stewart has
twice as many as Charles, his number will be represented
by 2.

Since they both have 21 books, we may say:
’ 224+ 2=21.
From this we find, 3z=21;

x =T, Charles’s number;
2 x = 14, Stewart’s number.

Nore. It is important to notice that when a value is
given to a letter, this value does not change through-
out the problem.

2. The sum of two numbers is 40. The greater is three
times the less. Find the numbers.

3. The sum of two numbers is 75. The greater is four
times the less. Find the numbers.

4. A man paid $30 for a hat and coat. The coat cost
five times as much as the hat. Find the cost of each.

8. Frank and Mary picked 36 quarts of cherries. Frank
picked twice as many as Mary. How many quarts did each
pick ?

6. A and B together have a capital of $10,000. A’s
share is four times B’s. What is the share of each ?

7. In a flock of 441 sheep there are 20 white sheep
to every black one. Find the number of each.
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8. The greater of two numbers is seven times thie less.
Their sum is 256. Find the numbers.

9. A certain.number added to twice itself equals 510.
What is the number ? ' ’

10. Mr. B. is three times as old as his son John. The
sum of their ages is 60 years. Find the age of each.

o
Lessox VII.

1. Frank, Fred, and Harry together caught 36 fish. Fred
caught twicé as many as Harry. Frank caught three times
as many as Fred. How many did each catch ?

SorurioN. Let 2= the number Harry caught;

_then 2 2 = the number Fred caught;
and ‘6 « = the number Frank caught.
z4+2x462=236;
9z = 36.

« = 4, the number Harry caught;
2 =8, the number Fred caught;
6 « = 24, the number Frank caught.

2. A farmer owns three farms. The second is worth twice
as much as the first, the third is worth four times as much
as the second. The three together are worth $7700. What
is the value of each?

8. Three boys together caught 24 fish. John caught
" twice as many fish as Harry. Frank caught as many as
both John and Harry caught. Find the number caught by
each.

4. Divide 400 into three parts, such that the second is
four times the first, and the third five times the second.
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5. Divide 60 into three parts, such that the second is
five times the first, and the third equal to the sum of the
other two.

6. An estate of $ 1000 was divided among two boys and
one girl. Each boy received the same amount; the girl
received three times as much as either of the boys. What
was the share of each ?

. A man doubled his capital every 5 years for 15 years.
e then had $25,600. What was his capital at first ?

. A merchant bought 600 bushels of grain. There were
Ace as many bushels of wheat as of rye, and the number
7 of bushels of oats equaled the sum of the number of bushels
of rye and of wheat. Find the number of bushels of each.

s on shoes, and twice as much ou shoes as on notions.

9. A merchant earned three times as much on dry goods
a
/His entire profits were $ 486. Find his profit on each.

Lessox VIII
1. A’sageisto B’sas 2is to 3. The sum of their ages
is 50 years. Find the age of each.

SveaeesTioN. Let 22 = A’s age;
then 3z = B’s age.
. Divide 75 into two parts, which shall be to each other
a8 4 is to 1.
8. Aand B are in partnership with a capital of §8500.
A’s capital is to B’s as 9 is to 8. Find the share of each.

4. A and B together have 500 sheep. A’s number is §
of B’s. How many has each ?

SuacesTioN. Let 22= A’s number;
then 32 = B’s number.
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5. Separate 615 into three pa.rts, which sha.ll be to each
other as 3, 5, and 7.
8. The sum of three numbers is 527. The first is to
the second as 2 is to 3, the third is four times the second.
- Find the value of each.

. In a library of 540 volumes, one half of the volumes
are works of fiction. The remainder are books of history
or of science. The proportion of the books of history to

g the books ,of science is as 4 is to 5. Find the number of
’ books of each kind.

8. John is § as old as Mary, and Henry is twice as old
as Mary. The sum of their ages is 28 years. How old is
each ?

. Divide 72 into three parts, such that the first is to
e second as 4 is to 5, and the third equals the sum of the
other two parts.
- 10. Three books together cost $4.80. The first cost $
as much as the second; the third, § as much as the second.
Find the cost of each.

,11, Three men received $20, each getting a share as
ollows: B received 3 as much as A, and C § as much as
B. How much.did each receive ? \_;

. ”/)/ -12. A, B, and C have $95. ¢ of A’s money equals B’s.
‘ 4 of B’s money equals C’s. How much money has each ?
Lesson IX.

1. The sum of two numbers is 20. The larger number
is 8 more than twice the smaller. Find the numbers.

SoLurioN. Let 2 = the smaller number;
then 2 2 4 8 = the larger number.
z+4+ 224 8 =20.
3z +8=20.

EL. LESS, IN ALG,— 2
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Observe that in order to find the value of z, the first
member of the equation must consist of the term contain-
ing z only, and the second member must contain all the
numbers, and nothing but numbers.

3z 4+ 8=20.
Subtract 8 from each member.
32+8—-8=20-8;
Jx=12 H
= 4, the smaller number;
2 2 4 8 = 16, the larger number.

Note. Since the two members of an equation are equal,
we may add to or subtract from each member any num-
ber, and the members will still be equal.

2. A horse and carriage are worth $480. The horse is
worth $150 more than the carriage. What is the value of
each ? .

3. The sum of three numbers is 92. The first is to the
second as 2 is to 5. Three times the second is 4 less than
the third. Find the numbers.

4. The yield of an orchard was 70 bushels of fruit.
Three times the number of bushels of apples is 6 more than
the number of bushels of pears. Find the number of
bushels of each.

SorutIioN. Let z = number of bushels of apples;
then 32 — 6 =number of bushels of pears.
z432—6=70;
42 —-6="70.

Add 6 to each member of the above equation. (See Note
above.)
42—64+6=70+6.
42=76.
x=19.
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. 6. A horse, a cow, and a sheep together cost $106. The
cow cost sixteen times as much as the sheep, and the horse
cost $40 more than the cow. What was the cost of each ?

6. The sum of two numbers is 73. Their difference is
13. Find the numbers.

7. Two men received $25 for 10 days’ work. The first
received 50 cents per day more than the second. Find the
daily wages of each.

——003000——

REDUCTION OF SIMPLH EQUATIONS.
Lesson X.

1. Find the value of 2 in the following equation :.
Te4+5=9—-4z. (1)
SorutioNn. Remember that in order to do this, all the
terms containing «, the unknown quantity, must be in the
first member, and the other terms must be in the second
member.
Subtract 5 from each member of the equation.

Te+5—-5=9—4x—5. 2
Te=9 —4z-5. 3
Add 4z to each member of equation (3).
Tet+42=9—4x—54+4z. “4)
11z=4.
m=ﬁ-.
Compare equation (5) with equation (1).
) Te+4x=9—5. )

Te+5=9—A4uz. (1)
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The term 5 in equation (1) appears as — 5 in equation
(5). The term — 4z in equation (1) appears as + 4z in
equation (b).

Nore. A term may, therefore, be transferred from one
member of an equation to the other, if at the same
time the sign of the term is changed.

This operation is called Transposition.

2. 82—8=7T7x+20. Find the value of «.

SoruTioN. Transposing the 8 to the second member and
the 7« to the first member, we have

8z —Tx=2048.
x=28.

Find the value of z in the following equations :

. Te+4+5=26. 8. 448xz=32+39.
. 132 —4=35. 9. 54+6x=21—-22
[ 22 —2=64=. 10. 7T—32=42—10=.
/:. 3r—4=x+46. 11. 8x—25=14 — 52,

/

7. 3x—=5=x+13. 12, 3z—34+10=14 4 2=.

In the following, unite terms as far as possible before
transposing, and find the value of z:

13. 3z —6=2+414 —4.

14. 42+134+38=10x — 3.
16, T+2—9=3xz+4+10— 82,
16, 52+4+6+4+32x=12—-42418.
17. bx—-3442—-2=06x4+16.
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Lesson XI.

1. 45_“ =2+5. Find the value of z.

SueeesTioN. In solving this equation, the first step is
to change the fraction to an integer.

Since the members of an equation are equal, if both
members are multiplied by the same number, we shall still
have an equation.

Multiply both members by 3.

3’;4x=3x+15. 40 =32+15.
r=7?
2. %‘f-{- 7.=§—‘3+49. Find the value of 2.

SuceesTioN. To change these fractions to integers,
multiply both members by 10. The equation may then be
reduced to

82+ 70 =3 + 490.
r="?

3. 7a:+:-35ﬁ=£+9. Find the value of z.

SueeEsTiON. Multiply both members by 20.

Nore. From these three problems, observe that the frac-
tions of an equation are changed to integers by multi-
plying both members by the Least Common Multiple
of the denominators of the fractions. This operation
is called Clearing the Equation of Fractions.

Find the value of z in the following equations:

z, 2w S5z  x 52.

/. Z+'3—'=‘11' / —6—+Z=
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x = x z,x
. ———=2. . = —— —-—= .
} 371 /8 2 3+4 10
T, @ 22 x 4z
.« = —=5. ¢ —— _————= 1.
7373 A B
/ -

Y€ (o
Nore. From Ezx. 9, observe that the value of @ may be
fractional. .

z =9, 22 _ 4 %, 6_
/0. iti =1 /u. 2 4_3+6 8.

SugcesTioN. In Ex. 11, transpose — 4, and unite the
terms before clearing of fractions.

. z z 4z 3z__3
2. =—2=5-=C. . e ——=
e 5 PG I
e 3 3 7T_2
€T X X x
. S=18 —-==. 1 —_——_—— =
-/" rHp=18-7 2 105
d P p
‘ 14. T _14="_2, Lz z 3z 3z __
M g1=13 P A il R T
. -~
' SvecesTioN. The equation in Ex. 17 reduces to the
form — dx=60. 1)
Transpose both terms,
—60=5x; (2)
from which we obtain r=—12.

Note. Observe that the value of # may be a number pre-
ceded by a minus sign.

In Ezx. 17, the same result is obtained, by reducing equa-
tion (1) to the form 5z = — 60,

whence =12,
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Note. From the above, observe that the signs of all the

s, 22 _o_62_4_ 3, 9. 2?“4-%—7;-”.

terms of an equation may be changed, and the members
still remain equal. This operation is of frequent ser-
vice.

2

19. 133 —2=20-8} 21. 2 5”+15=3163’+18§.

1.

2

3

or

3t

Lesson XII.

Find the value of « in the following equations:

Ty v
‘T—1—3+12 4. 62 23 = 2 +7+2x.

3_22 = 13, , =z 3z bz _
caz=2047 5. SH+3e—7= 6.

5z 1_11 7o 2+2_1_2
i 6. =

6t 12 3 6 4

SveeestioN In multiplying a quantity made up of two

more terms, we must multiply each term. Thus, mul-
x+2

+ 2.

tiplying the fraction =7= in Ex. 6 by 12, we have

10.

3

122424

3
%’+%+”8—”=19. 4 12. 7”;3'2—12=3”;'3—g-
2+4m3—5=a:;-3+3t5w' 13. 3mé—4=6x8—5+3501g1;‘\
+5=‘§£_ 7 2xw—-3_i=4w31-6.

-

, or 4z+48.

z—12
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c—T , 3xz—21
=13,
2 4 i

3 bxr 5—-3x,3—-5x
8. 3-3="71 *t 3

z+3 ,z+4, 245
. =16.
. S+t

Lesson XIIL

1. A man bought a horse and a cow for $150. Twice
the cost of the horse is three times.the cost of the cow.
Find the cost of each.

SueeesTION. Let 2 = the cost of the horse;

2%

then = the cost of the cow.

2. The sum of two numbers is 50, and } of the greater
equals } of the less. Find the numbers.

SuceEsTION. Let 2 = the greater;
then 50 — z = the less.

3. If § of A’s age is added to § of his age, the result will
equal 69. What is his age ?

4. Mr. Clark is 32 years older than his son John, and
4 of Mr. Clark’s age added to } of John’s age equals 34
years. Find the age of each.

5. Frank is three times as old as Harry. Ten years
hence, Frank will be twice as old as Harry. Find the age
of each.

SuacesTION. Let = Harry’s age;
then 2+ 10 = his age 10 years hence.
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6. Stephenis § asold as Lucy. Ten years ago he was §
as old as Lucy. Find the age of each.

7. One number is three times another, and 3 of the
greater and 5 is 14 more than § of the less. Find the
numbers. '

8. The sum of }, 4, and } of a number is 4 more than
4 of the number. Find the number.

9. The sum of two numbers is 42. The quotient arising
from dividing the greater by the less is 5. Find the
numbers.

SuceesTioN. Let z = the less number.

10. The difference between two numbers is 24. The
greater divided by the less equals 5. Find the numbers.

11. Four times the number of hours until noon equals
4 of the number of hours since midnight. What time is it?
SueeEesTiON. Let 2 = number of hours until noon;
then 12 — 2z = number of hours since midnight.

Lessox XIV.

1. A number is represented by three digits. The digit
in hundreds’ place is twice that in tens’ place, and that in
tens’ place is three times that in units’ place. The sum of

.. the digits is 10. Find the number. iiagET

2. A number is represented by two digits. The digit
in units’ place is three times the digit in tens’ place. The
entire number and 6 equals five times the digit in units’
place. Find the number.

SvuecEesTION. Let = the digit in tens’ place;
then 3z = the digit in units’ place,
and 10 2 4+ 8 x= the entire number.
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" 8. In a number of two digits, the digit in tens’ place is
to the digit in units’ place as 3 is to 2. The sum of the
digits multiplied by 6 equals 6 less than the entire number.
Find the number.

4. In%the number representing the soldiers of a certain
regiment, the number of hundreds is three times the num-
ber of units, and the number of units is one half the
number of tens. Add 27 to the entire number, divide the
sum by the sum of the digits, and the quotient equals 55.
How many soldiers in the regiment ?

5. A can do a piece of work in 3 days. B can do
the same work in 5 days. How long will it take them to
do it working together ?

SucaeesTioN. Let z=the number of days it will take
them when working together;

then 1_ the part of the work both will do
in one day.
A can do } of the work in one day.
B can do } of the work in one day.
Therefore % + %: ;13 .
6. If A can do a piece of work in 6 days, and B can do it
in 10 days, in how many days can both do it ?

7. A, B, and C can do a piece of work in 5, 6, and 4
days respectively. Find the time they will need when
working together.

8. B and C together do a piece of work in 7 days.
B can do the same work in 10 days. How long will it take
C to do the work alone ?

9. The number of hours since noon divided by the num-
ber of hours until midnight equals 8. What time is it ?
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ADDITION.
Lessox XV.

Before beginning Addition a rapid review of Lesson I. is
suggested.

1. bz—3x4+22="2?

SoLuTioN. bz —32=22; 22+422x=42.
Or, S52422=Tzx; Tz —3z=4x.

Observe that the result is the same in whatever order
the quantities are added.

2. bx—-32+b5x—-22="?

SorutioN. Of the four terms in the first member of this
equation two are to be added, two to be subtraeted. Per-
forming the addition, we have

S524+5x=102.

From this we may subtract first 32 and then 2, or we
may combine 3  and 2 z, making 5, and subtract this from
10z. Thus,

102 —-3x=Tz; Te—2x=5x.
Or, 10z —5z=5z.

Nore. Quantities whose signs indicate addition are called
Positive Quantities, and quantities whose signs indicate
subtraction are called Negative Quantities.

3. Tz SorutioN. The positive quantities com-
— 4z bined equal 17 z; the negative quantities com-
62 bined equal 7 x.
4z Subtracting the negative quantities from the
—3x positive, we obtain 10 z.
10 This result is called the digebraic Sum.
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Nore. Observe that finding the sum in algebra includes
both the process of addition and of subtraction as
designated in arithmetic. Thus the Algebraic Sum is
the result of addition and subtraction, according to
the sign, of the coefficients of like literal quantities.

Find the sums of the following columns :
4. 8=z 5. 12y 6. 17ac 7. 21ab?

4z - =Ty — 3ac 14 ad?
—6z 4y : Tac " =12ab?
2z —6y —14ac — Tab?

8. 16z 9. 22a%% 10. 14c*

— 4z — 11 a%?% : 15 c*r

15 23° 14 a®’ — 9

— 14z — 9a’c —25c%

11. 3a®* 12. 4axy 13. 9ayz

17 a®b* —Saxy — bzyz

— 5a%? 3axy © daxyz

— 4a%? —4azy 8xyz !
— 6a%? 8 axy —102yz
— 2a% —6axy — 6zyz
Lesson XVI.

1. 10z—-52+22—122="

SoruTioN. The positive quantities combined equal 12 z;
the negative quantities combined equal 17 2. Since nega-
tive quantities are quantities whose signs indicate subtrac-
tion, we have 172 to subtract from 122. From 12z, 122
only can be taken,leaving 52 to be subtracted. Since there
remains nothing from which to take the 5, we write 5« as
a negative quantity, thus: — 5.
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Nore. Observe that an algebraic sum may be a negative
quantity.
Find the algebraic sum of the following columns :
2. 11z 8. 17y 4. 19ac 5. 17d= 6. 26ab’c

—122 4y — 4dac —15b% —13ab’%
— 5z —20y Sac 3% 22ab%
4z — by —12ac — 60 — 20 ab%

Note. Examine the terms in any one column given above,
and observe that every term has the same number of
literal factors. Thus each term in column G has the
literal factors a, b, b, ¢. Such terms are called Similar
Terms. Similar terms may have different signs and
coefficients. '

In the addition of algebraic quantities of more than one
term, arrange the similar termns in columns.

7. Find the algebraic sum of:
4a+0b, 4b—2a, 3a—6b, —5a—30, a+0d.

SoruTtioN. In arranging the similar terms
4a+ b incolumns, each term must be given its proper
—2a44b sign. When a term has no sign before it, it is

" 3a—6b understood to be a positive quantity.
—5a—3b The algebraic sum of the first column is a;
a+ b the algebraic sum of the second column is 2.
a+42b Since these are quantities to be added, we con-

nect them by the sign +.

Find the algebraic sums of the following :

8. 5a—2b, 3a+4b, 3b—4a, 3b—2a.

9. 5b—2x4c¢, dz—2b+2¢, 3b+2z—c

10. 2a+3b+4+6y, 2b—2a+y, a —4b—6y, a+ b+ y.
11. 2a®+44b—2¢, 3¢—2b, 3c+b—0a? a*+ec.



30 ELEMENTARY LESSONS IN ALGEBRA.

Lessoxn XVII.

1. What is the algebraic sum of :
Ta—5b+6¢, 6b—Tc—ba, 3a—4b—c¢, a—b+4c?

_gz;g:tgc SoruTtioN. The algebraic sums of the
© second and third columns are found to be
3a—4b— ¢ . fps
negative quantities and must be connected
o= bt ¢ by the sign —
6a—4b— ¢ ¥ g =

Find the sums of the following :
2. 8¢—T7b+6a, 4b—Ta, Tb—10a +4c¢, 3a—6c.
3. Ta—2b, a®—3b, 50+ 3b, 4a*+5a, 60— 3a.
SuaeesTioN. Observe that in arranging the similar terms
in columns, the terms containing a? are not similar to those
containing a. For the term a? contains the factor a twice,

and a contains this factor but once. Similar terms must
have like literal quantities with like exponents.

Find the sums of the following :
4. TV*—2a+b,6b+4a—30% Ta—100, b — 3b°—3a.
/6. 6c’—4a+43¢, 4a—3c—3¢ at+c+ t—a—c
/8 iz +iy+io ty+ce+ix detz+y.
ST dac+ 200 —3x 440 —6ac+ 4w+ 3ac— 8V =7
'
7"’SUGGEST10N. Combining the similar terms, we obtain
ac—2b?+ 2. This result is called the simplest form of
the above algebraic expression.
Express the following in their simplest forms :
8 6x—3y+4a—5bx+2—10a—4y+2a+6y.
9. Tal —8cx +4y*— 3a% +4y® + 10cx — 8y® + a’c.
10. 24c—}ax+ $by+ ax + by —20¢ + 5ax + by.
, .

’
Il
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SUBTRACTION.
Lesson XVIIIL
1. 9ax—Tar=? 190°440*—3c=? 1bc—4y—8c="?

Name the differences at sight:

2. 9¢ 3. 18+ 4. 28bcy 5. 21c'zy’
4c 62 14 bey 7 czy?

Note. Observe that the sum of the subtrahend and the
difference, or remainder, must equal the minuend.
6. From 16c¢+ 21z 4 Ty subtract 7z 4 3y 4 8¢.
SoLuTION. 16c+ 2124 Ty
8c+ Tx+3y
8c+14x2 44y
Note. As in addition, first arrange the similar terms in

column form. Connect the differences of the several
columns by the proper signs.

7. From 154+ 7T« + 14a subtract 3z + 7a + 100
8. From 17bc® + 5xy + 7a subtract 10b¢* + a + zy.
9. From 12bc*+47b%+3xy subtract 6 b*c+3zy+12bc

10. From 8ac <+ 7b subtract 4ac + 9b.
8ac+T7b SorutioN. In column 2 we have 9b to be
4ac+9b subtracted from 7b. But 7b only can be taken
m from 7b, leaving 2b to be subtracted. There-
fore we connect this difference to that of column
1 by the minus sign. Observe that the algebraic sum of 95
and — 2b equals 7b.

11. From 9ac+ Tz + 6y subtract 6 ac +8x+4 3y.
12. From 5 bc + 18y + a® subtract 3a®+ 20y + be.
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13. From 1024 7 b + 52 subtract 85+ 5c* 462,
14. From 6 z® 4 2y subtract 4 2* 4 2.

62*+2y SoLuTioN. As there is nothing to sub-
42 +2b tract from 2y, it is written as a part of
2842y —2b the remainder. ] Since there is no sixpilg,r

- term from which to subtract 25, it is
written as a negative quantity in the remainder.

15. From 6 z*y 4 7 b subtract 32% 4 3 a.
16. From 7 2?4 6 ¢ subtract 52 +8c + 2b.
17. From 16z 4 5a® + 7 ¢ subtract 4z 4 a 4 5 a’y.

Lessoxn XIX.

The algebraic sum of 8a and — 3a equals 5a. There-
fore the difference, when —3a is subtracted from 5a,
must equal 8 «. For the sum of the subtrahend, — 3 a, and
the difference, 8 a, equals 5a, the minuend.

The algebraic sum of —8a and 3a equals —5a.
Therefore the difference, when 3 a is subtracted from — 5 a,
must equal — 8 a.

The algebraic sum of —8a and —3a equals —11a.
Therefore the difference, when —3a is subtracted from
— 11 a, must equal — 8 a.

These subtractions are shown as follows:

Minuend, 5a —b5a —11a
Subtrahend, —3a 3a — 3a
Difference, 8a —8a ~ 8a

-Observe that in each problem the algebraic sum of the
subtrahend and difference equals the minuend.
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Note. In the foregoing problems, the same result would
be obtained by changing the signs of the terms in the
subtrahend and taking the algebraic sum. '

1. From 8ab4—7c+3x subtract 5ab—3c+ Tx.

SoruTrioN. Minuend, 8ab+4+ Tc+3x
Subtrahend, + 5abF 3c+Tx

Difference, 3ab+10c—4x

Changing the signs of the terms as indicated, we have
to find in the first column the algebraic sum of 8ab and
—5ab, which equals 3ab; in the second column we have
to find the algebraic sum of 7 ¢ and 3¢, which equals 10¢;
in the third column we have to find the algebraic sum of
3z and —7 «, which equals —4z.

Proor. Subtrahend, 5ab — 3¢+ 7=
Difference, 3ab+10c—4z

Minuend, 8ab+T7c+3x

Note. Observe that the algebraic sum of the subtrahend
with signs unchanged, and the difference found above,
equals the minuend.

From 62+ 2c¢ 4 9a subtract 3a®*— 3¢+ 7 a.
From 95 4 8z + 4y subtract 70 — 122 —3 4.
From 19¢ +9y 4 29a subtract —a—c—y.
From 3bc + 4 y + ax subtract 2y — bc + ax.
From 14 ¢+ 7a 4 21 zy subtract 6a —7¢ — 7 xy.
From 5 bx subtract 2bx46c¢ 4+ y.

From aa® + 3ay — 4 b subtract 2ay — 4ax®4 5b.
From zy — 2ab + y* subtract 3xy + 542

From 3axz+ 2by — 7 ab subtract 2ax — 4by + 2.

EL. LESS, IN ALG.— 3
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1. From 2a% + 3y — 20 subtract 15 + 2zy.

. From 30y — 165 + 4 a subtract 20y — 3d.
. From 32* — 22 — 2 subtract — 22® — 2 — 22.

LEssQN XX.

1. From 7¢—42—6y subtract 5¢c+22+43y.
SoruTioN. Minuend, Te—42—6y

Subtrahend, + 5¢ + 2z + 3y
Difference, 2¢—62—-9y

Proor. Subtrahend, 5¢ 42243y

L ol o o

Difference, 2¢—6x—9y

Minuend, T7Tc—42—6y
From 4 @ — 2 bc 4+ « subtract a 4+ bc — 2 2.
From 145 — 102 4 3y subtract 52— 4b—4y.
From 6¢®+ 7c — 15y subtract 3¢ — 3¢+ T7y.
From 17 bc® — ax subtract ¢ 4 2 ax — 3 bc®
From 15¢—12b — 32 a subtract 5¢—18b — 8 a.

SoruTioN. Minuend, 15¢—12b—-32a

Subtrahend, +5¢F 18bF 8a
Difference, 10c+ 6b—24a

Proor. Subtrahend, 5¢—18b— 8a

Difference, 10c+ 6b—24a
Minuend, 15¢—12b—32¢

TFrom 102® — 7@ — 4 b subtract 222 —3b — 8.

8. From 22a + 10by — 3¢ subtract 2a — 2by — 2¢.
9. From Ty —24a —a’®subtract 4y —12a — 8 a’.

10.

From ya — §c— 4y subtract ja —fc—y.
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11. Find the sum of 3b+42¢, a4+7¢—6b, 4b—8c+4a,
and —4a.
12. From the above sum subtract b 4 ¢ — a.

13. From the sum of 14a —2%, 3¢+ 9%, 4¢c—Ta, and
a 4 b* — ¢, subtract the sum of 4a 4 2¢, *—2a —¢, and

"38a—6c¢c+5b%

14. Find the simplest formn of :
8w+3a Ty+3z— 4a+2y 6x—2+3a+8y.

15. From the simplest ;orm of the above expression,
subtract the sum of:

z—4a+T7y, a=3y, 424+0a, 3a—4x—y.

Lesson XXI. T
Problems in Addition and Subtraction.

4. From the sum of 2a*—4b+4c, 3¢+ 6b—a’ and
3a’ b4 c, subtract the sum of 3b—4a? c+42a*+4 b,
b—c, and 3a%.

2. Simplify: 4x+2a-—3§c+8b—3a—a+4x—10b
+2a42

3. From 5a—-3b—224+b+5x—4a+2a+b sub-
tract 2b—4a+32+2a—-5b—-3x 4+ 52 +a.

SuceestroN. Simplify the expressions before sub-
tracting. :

4. Find thesumof 42— 2by, 3c+ 4by — 3z, 3by —6¢
+2 ¢c—2.

5. From }by 4 }c — L« subtract }oy— §c — $=.

6. From }c— %b+ }y subtract §y 4+ 40— %c.
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7. From a?+ b2 subtract b’ — a®
8. From 4ab subtract 2ab —2x 4 c.
9. From 8cx subtract 3a —4b 4 2cx.
" 10. From a 4 2b subtract 24 —b — .
11. Simplify jz—3b—3y+b—2y+ 1§z + b+ 2}y
12. From the sum of 5ac + Tby, 4« — 3ac — by, by — bz

+ ac, and 22, subtract the sum of ac — by + =, 5by — 3ac,
4z —2ac + by, and z + ac. »

18. be—2x+ 2+ §2—~6x+3x— 32+ 22=3. Find
the value of z.

14. 2y+13y—§y+Ty—4y+6y— 3y +6y+§y=23.
Find the value of y. '

——e0}@l00——

MULTIPLICATION.
Lesson XXII.

1. What is the product of 3aand 45? 4cand2? b2
and y? 4a and 22? 5,2b and 3y? 2a, 30, and 2¢?
3aand 2a? 4cand8c? ‘

2. What is the product of 5 a%c and 2 ab’*??

SorurioN. The factor @ occurs twice in the multiplicand
and once in the multiplier; the factors b and ¢ occur once
each in the multiplicand and twice each in the multiplier.
Therefore the product of the literal factors equals aaabbbece
or a%b’c®.

Multiplicand, 5ac
Multiplier, 2ab’c
Product, : 10a®b%c®



Find the products of the following:

3. 8azy - 4. 15b%y 5. Ta’ch B. 4y
Saux’y ‘ 3vchy? 4a%°%? 2aty

7. What is the product of 4ac+ 3z and 4cz?

SoruTION : Multipliéa'nd.\ 4dac+ 3=
Multiplier, dc

Product, 16ac’x + 12 ca?

Note. In algebra, the term to the left, or first term, of
the multiplicand is first multiplied.

Find the products of the following :

8. 5a%+2¢ 9. 10cy +4bx 10. 7+ 6ax
2bc 5be 3ac
11. 6bc+ 22y +3a 18. Sakc+3bx+ 2y
_4abd 3%y :
12. 12a® + 6¢c+5ax 14. 10abc 4 4z + Saxy
5a’% 4 a’ba?

Lesson XXIII.

1. What is the product of —5a% and 3a ?

Sorution. Since — 5 a? indicates that 5a% is to be sub-
tracted, multiplying — 5 a% is equivalent to subtracting 5 a®
3 a times, or to subtracting the product of 5 a% and 3 a once.
Therefore we write, — 15 a®b.
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2. What is the product of 5 a®b and — 3a ? .

SorurioN. Since — 3 @ is a negative quantity, multiply-
ing 5 a’ by — 3 a is equivalent to subtracting 5 a® 3 @ times,
or to subtracting the product of 5 a® and 3a once. There-
fore we write, — 15 a®.

3. What is the product of —5a% and — 3 a?

SoLuTioN. Multiplying — 5a% by — 3 a is equivalent to
subtracting — 5 a’ 3a times. But since in subtraction we
change the signs of the subtrahend, subtracting —5a% 3a
times becomes equivalent to adding 5a’ 3a times, or to
adding the product of 5a’ and 3a once. Therefore we
write, 15 a®h.

The four operations in multiplication are shown thus:

5a% —5a% ' 5a% —b5a?
3a 3a —3a —3a
15 a®b —15a% —~15a® 15a%

Note. Observe that when the signs in the multiplicand
and multiplier are alike, the product is a positive quan-
tity; when the signs in the multiplicand and multiplier
are unlike, the product is a negative quantity

4. What is the product of 22 —y — b and 32?

SoLuTION. 20 —y—b
3z
62— 3zy — 3 bz.
Find the products of :
5. Tab—8c+y 6. 4dc—5zx+42y

3acy dcy
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—_— T T
7. 3ex+4by+a® 10 Tady—8bx—4¢
—bbx —6b
— 8 ”45513@4.100& 11. - dber—4z—8 ¢
—6¢ . - —2cx
9. b5d—4bz+5y 12~ 6b—152+4c
— 9%y 18a
Lesson XXIV.

‘When an algebraic expression, consisting of two or more
terms, is used as a whole, i.e. as a factor or as a divisor, etc.,
it is inclosed in a parenthesis, thus (2a +3b). |

As two literal quantities are written-in succepsion to
indicate their product, so two parentheses are written in
succession to indicate the product of the quantities|inclosed
in the parentheses. Thus (2a+3b)(a+2b) jndicates
that the sum of 2a and 3b is to be multiplied by/ the sum
of a and 2b. :

Performing the multiplication indicated is called Expand-
ing the Expression.

1. Expand (2a+ 3b)(a+2b).
SoLuTION. Multiplicand, 2a + 7’%
Multiplier, a ¥2b
1st, Partial Product, 2a* 4 3 ab
2d Partial Product, 4ab+ 60
Product, 2a’4Tab+ 602

Beginning at the left, the first partial product is obtained
by multiplying the multiplicand by a, the first term of the
multiplier; the second partial product is obtained by multi-

plying the multiplicand by 2%, the second term of the
multlpher
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Arranging the similar terms of the partial products in
column form, and taking the algebraic sum, we obtain the
final Product.

Expand the. following :

2. (a40b)(a+Dd). 5. (3y42a)(y+3a).
3. Bz+2y)(z+2y). . (2b+32)(3b+2x).
4. (4c+22)(2¢+2= 7. 2a+2)(2a+ ).

8. Expand (2a +36)(2a —30).

SoruTION.

40’ +6ab
—6ab—-90°
4a —-9¥
Expand: )
9. (x4+y)(x—yv). ) 12. Bz+2y)(3z—2y).
10. (2a+32)(2a—3x). 13. (x+2)(22-—3).
11. (2c+y)2c—y). 14. (3a—2)(2a+2).
15. (2+2a)(3z—4a). ’

Lesson XXV.

1. Expand (a®+ ab+ b*)(a—b).
SoruTION. a®+ ab 4 b
a —b
a® 4+ a% + ab?
—a’ —al®-0b°

al -
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Expand the following:

2. (@+ay+9)(z—y).
43E+2cy+y*)(2c—y).
(250*+10ay +4y*) (8a — 2y).
9V +6b+4)(3b—2).
Expand (a?— ab + b*) (a + b).
SoLurtION. o? — ab + b*

a +b

a® — a% + ab?
a?b — ab* + b*

a® + b

& ok w

Expand the following:
1. (@ —2y+9°)(x+y).
8. (4c=—2cy+y§)(_2c+y).
9. (9’ —6ay+4a)(3y+2a)

10. (250*°—10b4-4)(5b+2).
There are certain products which of( 80 frequently as
to deserve special attention.

Expand: 11. (a+bd)(a+Dd)

12. (a—b)(a—0b).
18. (a+b)(a—b).

ExpLaNATION. Since in Ex. 11 the sum of a and b is
to be used twice as a factor, we may indicate the product
as follows: (a+b)%. This is read, the square of the sum
of a and b. TFor the same reason,Ex. 12 is written (a — b)?

and read, the square of the difference of a and b. Ex. 13 is
read, the product of the sum and difference of a and b.

’
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Let the pupil verify the following results :
(11) (a+bd)=a*+2ab+ b*=a’+ b*+ 2abd.
(12) (a—=bd)*=0a’—2ab+b=a*4b*—2ab.
13) (a+d)(a—d)=a*—b
From these equations, we reach the following conclusions,
called Theorems.

TrHEOREM 1. The square of the sum of two quantities,
(a+10)?% equals the sum of their squares, (a4 b%), and
twice their product, (4 2 ab).

TreEOREM 2. The square of the difference of two quan-
tities, (@ — b)? equals the sum of their squares, (af 4 b?%),
less twice their product, (— 2 ab).

TrEorREM 3. The product of the sum and difference of
two quantities, (a +b)(a —b), equals the difference of
their squares, (a®—b%).

In accordance with the above theorems, expa.nd

14. (a+c)* "20. (ba+b5b)
15. (c—a)? 21. (4a—bx)(4a+52).
16. (4a+2)2 22. (By+9a)2
17. (z—4a) 23. (6x+7b)(6z—TDb).
18. (2b+4c¢)(2b—c). 24. (Jz+1y)>
19. (bx—2c)(bx+2¢). 25. (3a+}2)(da—i}w).
Lesson XXVI.
Expand: 1. (a*+ab+ %) (a—10).

2. (a*—ab+ b)) (a+Dd).
Note carefully the following facts:

In Ex. 1, the first factor consists of the sum of the
squares of @ and b, plus the product of @ and b; the second
factor is the difference of a and b.
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In Ex. 2, the first factor consists of the sum of the
squares of a and b, less the product of & and b; the second
factor is the sum of @ and b.

Verify the following results :
1) (a*+ab+d*)(a—bd) =a®—b
(2) (a®—ab+b%) (a+b) =a®+ b

From the above facts and equations we derive the follow-
ing theorems:

TaeoreM 4. The sum of the squares and product of two
quantities, multiplied by the difference of the quantities,
equals the difference of their cubes.

TrarEoREM 5. The sum of the squares of two quantities
less the product of the quantities, multiplied by the sum of
the quantities, equals the sum of their cubes.

.
Expand : >~
N G AT L P AR aun

4. (P—2y+ ) (z+Yy). 7 A (Ba+5c)(Ba—b5c).

5. (4a*+ 6ab+ 90 (2 — 3b)* . (4a*+ 6y)*

Nore. When a single term is written directly before a
parenthesis, it indicates that all the terms within the
parenthesis are to be multiplied by the term without.
Thus 3a(2b — 3¢) equals 6ab — Jac.

Expand the following:

. 2a(3b+3c+a). Al (16y°—8by+ 40°) (4y + 20).
/10. (a + 10bx)% /2. (25a*%*+ 10ax + 4) (5 ax — 2). -
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DIVISION.
Lesson XXVIIL
Before beginning this lesson a bnef review of Lesson

II1. is suggested.
Reduce the following to the’ s1mplest form:

4a 4a 4a - 10abc
1. —. 2. —- 3. —- . .
2 a 2a 4 Sac

5 2507 6 33ca® 7 142%

" bab Tl © 28xy?

8. What is the value of 27 a%'s® + 18 a®*s® divided by
9 a?b%a? ?

Sorution. -The exponent of any literal quantity in a
product equals the sum of the exponents of that quantity
in the factors. (See Lesson XXII.)

Therefore the exponent of any literal quantity in a
quotient equals the difference between the exponents of that
quantity in the dividend and divisor.

27 ab%® + 18 ath’x®
9a?b’?
Since in multiplication the first term (that to the left) of

the multiplicand is first multiplied, in division the term to-
the left of the dividend is first divided.

=3ab*+ 2 q‘b.

Find the quotients of the following:

o 3207+162% +6dahy? | 146% 4 2lex 4 49¢kYy
’ 1622 /l ) Tex
6a% + 12ab* / 140% + 28 beat + 426624

/ 10 3ab / 7 bea?
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18. What i
or of 10 a%b%* (Zvi

¢ quotient of — 10 a?’c* divided by — 2 abe,
by 2abe ? '

"~ _ SoruTrox. Since\the dividend and divisor have like
_ signs, Ive quotient must be positive, 5ab’c.

hat is the qupbtient of — 10 a®%* divided by 2 abe ?
" Sorution. Since A product is a negative quantity only
when the factors e unlike signs (see Lesson XXIIL.),
and since the dividor is a positive quantity, the quotient
Ve quantity, — 5 ab®c®.
b —
15. What is the quotient of 10 a%%* divided by — 2 abc?
Since the signs of the factors must be alike to produce a

positive quantity as a product, the quotient, as well as the
divisor, must be negative, — 5ab’®.

The operations in division are shown below :
—10a%%"* 10a%°*

—_— = 2 = 2¢3,
13) — 2 abe 5ab’®, or 2 abe 5ab’c®
: —10ab’c 10a%%* _
14) ————~ = —b5ab’* 15 2
1 — - ¢ (15) = Yabe = — Sab’c’.

Note. Observe that when the signs of the dividend and
divisor are alike, the quotient is a positive quantity;
when the signs of the dividend and divisor are unlike,
the quotient is a negative quantity.

16. 15a’w3—6a3b’x=? 18. —4a’m’+2a’xs—6a‘x‘=?
3ax . —2ax
1. 60’y3—1203y’—8cy=? 19. 14c’x‘+49cx’y+21:c‘=?
2cy —Tz
4 .
20. 27 c%® — 9c’a:21/‘+15cx‘y Fe

3c’? \ %; B
—b6a'+ 14cx + 210y _, ;*’35'\* o

-7 PEE ”,~

21.
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Lesson XXVIIL

1. Multiplicand, 2a 4 3b
Multiplier, a4+ b
1st Partial Product, 2a® 4 3ab
24 Partial Product, 2ab 4 30*
Product, 2a% 4 5ab + 3B
Dividend, 2a*+5ab 4+ 3b|2a + 3d Divisor.
1st Partial Product, 2a* 4 3ab a4+ b Quotient.
Remainder, 2ab 4+ 3b*
2d Partial Product, 2ab 4+ 35

Observe the following facts :

(1) The first term of a product is obtained by multiply-
ing the first term of the multiplicand by the first term of
the multiplier.

Therefore, dividing the first term of the dividend by the
first term of the divisor, we obtain the first term of the
quotient. Multiplying the divisor by the first term of
the quotient, we obtain the first partial product. ’

(2) The first term of the second partial product is
obtained by multiplying the first term of the multiplicand
by the second term of the multiplier.

Therefore, dividing the first term of the remainder by
the first term of the divisor, we obtain the second term
of the quotient. Multiplying the divisor by this, we obtain
the second partial product.

Note. From these observations we reach the following
conclusions :

* (1) Each term of the quotient is found by dividing the first

term of the dividend, or remainder, by the first term of

the divisor.
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(2) All the terms of the divisor are multiplied by each term
of the quotient, when found, for a partial product.

Find the quotients of the following:
/'l. 24+10c+4+24+2+4+4 8. 2*—1124+30+2—35.

SueerstioN. The pupil must use great care in subtract-
ing the partial product.

4. ¥—y—42+y+6. 6. a*42ab+4b'+a+b.
6. ¢!4+3c2—10+c*—2. 7. d=2cy+4y+c—y.
8. 404+ 8ab+4b2+-2a+20.
9. 9c*—24cy+16y°+3c—4y.
10. 90°—18ay+9y*+3a—3y.
11. 25b* 4 60 b%x* + 36 2* + 5 b* + 6 2*.
12. ¥—12y+35+y—35.

/ LEesson XXIX.

1. Divide a®+8® by a+b.

SoLuTION. a® 4+ bt a +b
a® +ab|a*—ab+ b

—a®h4 b

—a’ F ab?
ab®+ b
ab®+ b

L]
SuccesTioN.y Obseérve that when there is no term in
the dividend or remainder, similar to one in the partial -
product, the term in the partial product is brought down
with its sign changed. '
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13.

14.
15.

16.

'> '_{,-’/ 25
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2. Divide ‘w" —b by a—0».

SovLuTION. a? -0 i a—~b
a® F a? at+4ab+4 b

a?h — b
a’™ F ab’
ab®— b*
ab*— b
Divide : ~ .
3. ¥—y*bydb—y. 6. 25a*—4c'by 5a° -2

4. 92°—16y by 3z+4y. 7. E+af byt 42>
6. 27c24+8%y® by 3¢c+2y. . 4 —4c—24 by 2¢+ 4.

4y —4FP =3¢ by 297+
?:. 3d®—6ax+ 32 by a —u.

Problems in Multiplication and Division.

. Expand (a+2)(a—2). ,, #—2—20_,

. 1_o z4+4
G+y)'=1 / 8. Expand (x’+4) (a*—4).
20’°—8a+8_, / 2149

a—2 VR =TT

Expand (a + 4) (a + 5). 0. 16—8b+0_,

4—b

2—-2)="? /1. Expand (5 4 4a)

(@+T)(a—6)="?

3. Expand (49 .
%4 Expand (o’ +b*) (a +b) (a —b). _

j- (e +4d) (3a—1d).
a+a®)(7+a)

202’ —2ay’ +4 ba? — 4by’
2a+4b

J
7&:" £

—

.l
~

1

'
\
v »
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EdUATIONS CONTAINING TWO UNKNOWN

QUANTITIES.
Lesson XXX.
=12.
1. (e+y=1 } Find the values of « and y.
le—y= 2.

SoLuTtioN. From the equation z+4 y =12, it is evident
that we cannot find the values of either « or y, for there are
a great many pairs of numbers whose sum is 12.

Also, in the equation # — y = 2, the values of « and y are
indefinite, since there are a great many pairs of numbers
whose difference is 2.

But if we know that #+4 y=12, and that in the same
problem z — y =2, we may find the values of 2 and y as
follows:

—y=2 2)
22z =14 3)

Add equations (1) and (2) member to member. Since
we are adding equals to equals, the result will be a new
equation, (3).

22=14; 3)
z= T.
Substitute for # in equation (1) its number value.
T+y=12 4)
y=5

Nore. The process above shown, by which two equations
" containing two unknown quantities are combined to .
produce a third containing one unknown qua,ntlty, is
called Elimination.

EL. LESS. IN ALG. —4
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It will be observed, that in order to find the values of
two unknown quantities, there must be two independent

equations. s

~

Independent Equations are such as cannot be reduced to
the same form.

Thus, 224+3y+4+2= 1T €))
and 4246y =10 2)
are not independent equations; for, subtracting 2 from each
member of (1), and dividing each member of (2) by 2, both
equations reduce to the form: —

But 2¢4+3y=5 )]
and 22—3y=3 2)

are independent equations, for in no way can they be reduced
to the same form.

2. Find the values of # and y in the following equations:

224 3y=13. 1) -

44+ y=11. 2)
SovuTroN. Multiply (1) by 2, and subtract (2) from the
result. .

424 6y=26 (3)
dz4+ y=11 2)
5y=16 @)
y= 3.
Substitute for y in equation (2) its number value.
424 3=11. (5)
42=_8. (6)

3. Find the values of # and y in the following equations:
22 410y = 50. 1)
3x+ Ty=43. (2)
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Sovutrion. Multiply (1) by 3, and (2) by 2, and sub-
tract (4) from (3).

6z 4+ 30y =150 3)
6x+14y =86 4)
16y = 64 (%)
y= 4.
Find the value of # as in Problem 2. »

Note. From these problems we learn the following Method
of Elimination : ’

Multiply or divide the terms of each equation by such num-
bers as will make the coefficients of one of the unknown
quantities equal in the two equations. Then add the
terms of the equations, if the quantities made equal
have unlike signs; or subtract the terms of one equa-
tion from those of the other, if they have like signs.

Eliminate the letter whose coefficients may most easily be
made equal.

the values of 2 and y in the following equations:

bz + 6y =175 "4z +5y=18.
5 {w+2y=7. 3x 44y =25.
‘lz4+ y=5. /0 4o+ 3y =24
e {2w+6y=10 11 {10:::—23( 2.
‘18x+2y=8 ’ 3x+4y 42.

j3w

’ 2m—3y=—-1 / l2a:+y 17.
(4o —5y=3. 5w+y 17.

8'13:a+5y=11 / Be—y=3.



52 ELEMENTARY LESSONS IN ALGEBRA.

Lessox XXXI.
Find the values of # and y in the following equations:

{Gz—y 27/)(4""5/4 {5::—- y=4.

9z —5y=230. z—11y=—10.

9. {10x+2y_36.< 5. 5z+5y_55.'l-:(/
3z 4y=38. 6z—3y=3 ¢ =1
4ot Ty=4T¢ =7 32— Ty=0. C

To—2y=1 - % laztoy=34
Transpose before 'e;liminating, and find the values of =
and y:
v, {82=3y+83:x 10 {10 +22=17y—14. ?- T
5z=20+2y. 4 = b— 5z+3y=8L 4G
8. {10:v=37—3y.a 19. {9:0-]-’-20:63—53/.

Sx=14—y. dyLz418. )
) {3w+5y=38._" : 3. 29y+8=3x—23. ¥ .',
/ x=14—-2y. / dr=1249y+23. '~
(4x—6y=14—y. 4 {3m=5y. .
10 3e+3ys= ¥ Vezs=7y-3. '

GoesTION. Transposing Dy in the first equation of
Ex. 14, we have 32— 5y =0.

In the following, first clear both equations of fractions :
2z+8_3 g; 2.
1. {, Y

3z 16- e+1_ 2y 1
—=y+1} =<Yy_21.
2 r+ 1}

17.
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ﬁ.’.é:z, 5%—-5—",-—_50. /
18 z 7 : 2
) 2y+22 z 6y _
BYt2e_pi 1, 218933 ///
/ ,,’ -
%4.%:590-—4;. '
20. o
Yy__4x1r4
2 =75
Lesson XXXII.

5o+7_ 1 _y
{ 2 +3_6"'1%
3x—9y=—2T7.

(24 2y

—z—2y.
1Y

p

[ 242y + 3x—2 y_36
6

) [ 5
2m+4y+5x—14y=3.
16 8
2y—16 A
j=25 100
_ bz = N
10 20 2
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'7x+5y+3x—5y=2:c+y
. 6 2 .3
4 )

6238 _Ty+ +4,22

L 3 5 15

(2 Y4 x+y+m 3y

//{o' 4(5 3
i " x+2y+4=4y—m+9

S G 4

v

+1§

LEesson XXXIII.

We have heretofore solved problems by using one un-
known quantity only. But many problems are much more
easily solved by means of two unknown quantities.

1. A grocer sold to one customer 5 lb. of sugar and 3
1b. of coffee for $1.20, and to another, at the same rates, 2
Ib. of coffee and 6 1b. of sugar for $.96. Find the price
of 1 Ib. of each.

SUGGESTION.
Let 2 = the cost of 1 1b. of sugar,
and y = the cost of 1 1b. of coffee;

then 5z =the cost of sugar bought by first customer,
3y = the cost of coffee bought by first customer,
6 « = the cost of sugar bought by second customer,
and 2 y = the cost of coffee bought by second customer.

5o+ 3y=$1.20,
6x+2y= .96,

whence the values of # and y may be found as in the pre-
ceding lessons.

.
o’

2. Find two numbers, of which the sum divided by the
less equals 1}, and the difference divided by the less equals 2.
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8. A dealer sold to one person 5 horses and 6 cows for
$192. At the same prices, he sold 4 horses and 3 cows for
$132. Find the price he charged for each horse and cow.

4. Find two numbers, such that } of the less plug } of

reater equals 22, while £ of the less plus 4 of the ‘rreater
equals 49 -7

Find two numbers, such that twice the greater plus 4

- equajs three times the less, and 4 times the less equals
three times the greater.

// 6. Find two numbers, such that their sum divided by the
" less equals 2}, and their difference divided by 5 equals 1.

7. The less of two numbers divided by the greater gives
a quotient of 4. The greater divided by the less gives a
quotient of 3 plus a remainder of 3. Find the nymbers.

SuceesTION. Let o= the less number, \
and \
then /

S 4
a.nd sinca in divisiop/we hdlca. i Writing it

.8. The greafer of two numbers and 2, divided by 7,

. equals the greater number divided by 6; and the larger
number divided by the smaller equals 1 plus a remainder
of 3. Find the numbers.

T 9. A grocer mixed two grades of tea, taking 9 lb. of the
/ \g orer quality and 3 Ib. of the better, and this mixture was
orth $1 per pound. Again he mixed 4 1b. of the better with
4 1b. of the poorer, and this mixture was worth $1.20

per pound. Find the cost of 1 1b. of each grade of tea.

. ———
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SueeesTIiON. Let @ = the cost of 1 1b. of better grade,

and = the cost of 1 1b. of poorer grade;
then 9-'/ + 9y +3z_ $1,
and i*i&/ $1.20.

10. Two grades of sugar are mixed. A mixture of 12 1b.
of the better with 4 1b. of the poorer is worth $ .05} per Ib.
A mixture of 3 1b. of the poorer with 15 lb. of the better is
worth $.05% per 1b. - Find the price of 1 1b. of each.

11. In a mixture of two grades of coffee worth $.36
per pound, 30 1b. of the better are mixed with 20 lb. of the
poorer. In a mixture of the same grades worth $.31 per
pound, 18 Ib. of the poorer are taken to 2 lb. of the better
Find the price per pound of each grade of coffee.

Lesson XXXIV.

. In a mixture of 40 1b. of sugar worth $.07 per lb,,
o grades of sugar were used worth $.08 and $ .04 respec-

tixely. :Find the number of pounds of each used.

SuaeEsTION.

Let 2 = number of pounds of better grade,
and y = number of pounds of poorer grade;
then 8z+4y_ =T

40

2. A barrel of sugar, made up of two grades of sugar

~worth $ .04} and $.07 per Ib. respectively, and weighing*250

7 Ib., is worth $12. 50 How many pounds of each grade were
used ?

SuaeeesTiON. Since the price per pound of each grade of

' sugar is given in cents, in making the equations from this
problem $ 12.50 must be taken as 1250 cents.
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. A sack of coffee weighs 300 1b. and is worth $ 75. It

_-Xis made up of coffees worth $.24 and $.30 per pound

respectively. How many pounds of each were used ?

. A junk dealer bought 540 Ib. of scrap iron, paying $ .04

)@: pound for part of it, and $.01% per pound for the re-

ainder. He paid for the whole $10.80. Find the number
of pounds of each sort that he bought.

. A peddler sold a crate of 25 gt. of blackberries and a
rate of 20 qt. of strawberries, receiving for the two $ 3.50.
The amount he received for the blackberries was to the
. amount he received for the strawberries as 3 is to 4. What
\ was the price of 1 quart of each ? [
/

6 A cistern is supplied by two, pipes. The first will
fill it in 3 hours; the second will fill it in 4 hours. How
long will it require to fill the cistern, if both pipes are open ?

SuvecestioN. Solve with one unknown quantity. } of
the cistern is filled by the first pipe in 1 hour. } of the
cistern is filled by the second pipe in 1 hour.

4

Let =the number of hours needed for the two pipes
to fill the cistern ;

then i= the part they will £l in 1 hour.

1,1_1
3ti=z

z
7. A cistern is supplied with two pipes. The first will
fill it in 5 hours; the second will empty it in 6 hours. How

long will it take to fill the cistern if both pipes are left
open ? :

8. One pipe will fill a cistern in 7 hours; a second will
~ fill it in 8 hours. The first is kept open for 3 hours. The
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second is then opened. How long will it take the two to

fill the remainder of the cistern ?

SvacestioN. First find how long it will take both pipes

to fill the whole cistern.

9. A tank can be filled by one pipe in 10 hours, and
emptied by a second pipe in 8 hours. The first is left
open 5 hours. The second is then opened. How long will

it take to empty the cistern ?

10. If a pipe which can fill a tank in 10 hours, and
another which can empty it in 12 hours, are both left open
for 3} hours, what will be the state of, the water in the

tank ? \}
Lesson XXXV, -

\ 1. Two numbers are to each other in the ratio of 2

AN

and 6 times the less plus 8 is to the greater as 2 is to 1.

Find the numbers.
SvacesTION. Let « = the less number,

and y = the greater number.
* x:y::2:7, ‘
whence Te=2y;
6x+4+8:y::2:1,
whence 6z+8=2y.

2. Two numbers are to each other as 3 to 5, and 4 times
the less minus 6 is to 3 times the greater as 2 is to 3. Find

_ the numbers.

3. The sum of two numbers is to their difference as 5 is
to 1. The less number plus 2 divided by 4 equals the
greater number plus 1 divided by 5. Find the numbers.

4. The sum of two numbers is to the greater as 5 is to 3.
Their difference is to the less number plus 2 as 2 is to 5.

Find the numbers.



EQUATIONS OF TWO UNKNOWN QUANTITIES. 59

6. Four times the greater of two numbers minus 5 times
the less equals 2, and the quotient obtained by dividing
twice the less minus 3 by the less equals the quotient given
by dividing twice the sum of the two numbers by 10 times
the less number. Find the numbers.

8. In a certain election, 375 persons voted for two candi-
dates. The one chosen received a majority of 91. How
many voted for each ?

7. A gentleman bought a gold watch, a silver watch, and
a gold chain. The chain cost $ 25, the chain and the gold
watch are together worth 3} times as much as the silver
watch alone. The chain and the silver watch together are
worth $ 15 more than half the value of the gold watch alone.
‘What is the value of each watch ?

8. A and B together buy a house for $1200. A says to
B, “Lend me £ of your money, and I can buy the house
alone.” B replies, “Lend me 4 of your money, and I can
buy it alone.” How much money has each ?

9. Seven years ago the age of A was three timds that of
B, and 7 years hence A’s age will be twice that of B.
‘What is the present age of each ?

10. A number consisting of two digits is equal to 5 times
“the sum of the digits. If 9 is added to the number, the
order of the digits will be reversed. Find the number.

11. The sum of two numbers is to their difference as 11 °

to 1. The greater number minus 10 divided by 2 equals
the less number plus 5 divided by 3. Find the numbers.

12. Five years ago, a father was 5 times as old as his
son. Eight years’ hence, their ages will be as 12 to 5.
Find their ages. - .

-



A A, 3 sad fmes, giving /f = 6’
ﬁ for lemgnsjand $ (%ea 4" Mhges. \He sold _-/1
apd ¥lof the o k clea.red _

P o 2736 HO miny /A ' -”3 6

4yl forthem “ /2
e bought 4 of his

all. He sold ab
l; Pea,che 2
.. he L ‘I
"7 5 /A man laid opifa Tectange 10y

6 the sHorger 5ie, the wﬂlbesqua.:e, If.headds;( Jo
10 yd. je"thefonger #lde; the length of the lawn Witkle

t o€ e Sridtk :

8. A plgb’of ground is rectangular. If the longer si - 2
is shortened i, the plot.will be squ of the :‘%’b :
sides mmus 16 imes the difference of the# ¥
e area of the plot.

7. The altitude of a triangle is to its base as 5 is to 4. 7' o
The difference between the altitude and the base plus 4 is g._ 5

to their sum as 1is to 3. Find the area of the triangle.

8. The length of a rectangle is readth as 3 is )’IC
to 2. Twice the length . 138 3} times the breadth., _ ’Y”

ngle. ¢

¢ - . . .
- Ce. @ M ¢ 2N ' [ {7 A U /
FRES . .‘ U AL . . Lhlie . /

3 "17 ! (& : Ai;,'/;’(/"' 7€ G . " : i’/ ;/Wff i



KQ___ n . .

Ik

// &JS/UG(}];S_TIQNL ‘Solve by one unknown quantity.
} ' 7
<

- . B . —— 7 .
oo AT T e Y — :ﬁ
.o - . P Pl

| —




" 82 ELEMENTARY LESSONS IN Aw.

4. If we add 8-to the numerator of a certain fraction, :ﬁ
its value becomes 4. If we add 3 to the denominator of p
the same fraction, its value becomes }. What is the ‘/

fraction ? '
: =
SuaeGEsTIO!
\ - N " \
If T of a-fraction, its \

comes 2. If we multiply-the denominator hy 3, ¢
and gt the same time add lS.Th}1—¢3’1:1mevat;or, the walue OCX‘)‘ } .
N é nt .

the f becomes +. Find\the fractjon. 1 .
mes § ?0 o \\\/_ i :
6. Two numbers are to eac er as 2 to’ 5. Four
es the less minus 2 is to the greater-as 3 to 2. | Find
the nupbers. - :QO .—_?/

¥ Two numbers are to each other as 4 to b, and } of
less plus 5 is to twice the greater minus 3 as 1 to 3.
ind the numbers.

. If to the numerator of a certain fraction 9 is added,

d the denominator is multiplied by 3, its value becomes %.

If we myltiply the numerator by 5, and subtract 3 from the

product, the value of the fraction becomes 4. What ig the
fraction ? ét/v/t/‘ %

9. A owes $ 60, B owes $ 75; neither can pay his debt.
B says to A, “Lend me {4 of your money, and I can pay
my debt.” A replies, “Lend me } of your money, and I
can pay my account.” How much money has each ?

10. Find two numbers in the ratio of 5 to 7, to which two
other numbers in the ratio of 3 to 5 being added, the sums
will be to each other as 9 to 13, and the difference of the
sums be 16. -

SuceEsTION. Let 5z + 72 = the first pair of numbers;
then 3y + 5y = the second pair of numbers.

R hY
.../‘7"-- ‘ Y|
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2. What afe the prime factors of: 12a'd; 6a%y?;
—9ab; —42%y; cty?

3. What are the prime factors of ad + §* ?

SorurioN. The prime factors are band a + b. The prod-
uct may be indicated thus: b(a + b).

4. Whatare the prime factors of 6a 4+3b?

SorutioN. The prime factors are 3 and 2a +b. The
product may be indicated thus: 3(2a + b).

5. Separate 4a®+ 2ab + 6 ac into its prime factors, one
of which shall be a monomial.

SorLuTioN. 4a'+2ab+6ac=2 xa(2a+b+3c¢).

Norte. Observe that if a monomial is a factor of a poly-
nomial, it must occur as a factor in each term of the
polynomial. Thus, in Example 5, 2 and a are each of
them factors of 4 a? 2 ab, and 6 ac, the three terms of
the given polynomial, and hence are factors of the
polynomia.l 4a*+4 2 ab+ 6ac.

Separate the following into their prime factors, one of
which shall be a monomial :

R LITRYS
8. 2a+2ax. 12. 48a®® — 8 abcy 4 16 aby.
7. azy+aby. . 18. 2ab’c 4 5 ab® + 3 ab’c:
8. 2%+ 32\ 14. 3cx 4+ 9cay — 2cat

6 ab® + 12 a’be. 15. 4bc'2® — bt + 2 %y,

10. 25a*—40a% +20a®*. 16. 2abs®+ 4adz+ 2ab.

1. ba'z + 10 abx + 5 b%. 17. 3 ab's—6 ab’s*—12 a'b'z.

18. 22 +62% +6xy* + 29
19. baz® —15azy + 15 azy® — S az.

o+




FACTORING. , 65

20. What are the prime factors of a(b 4 z) 4+ b(b + z)?

SorutioN. Consider this expression as a binomial in
each term of which (b + =) is a factor.

The factors are then seen to be (¢ +b) and (b + x), and
the product is indicated thus: (a + b) (b + ).

21. Separate ac(x + y) + b(x + y) into its prime factors.

22. Separate ab(x + y) + ac(z + y) into its prime factors.

23. Separate 2ab(c+2)+2ab(r+y) into its prime
factors.

24. Separate ax + ay + bz + by into its prime factors.

SuceesTION. This expression may be written :

a(z+y)+b(z+y).

25. Separate cz — ca + bz — ba into its prime factors.

26. Separate 3ax + 3 by + a’x + aby into its prime factors.

27. Separate 6 a? + 6 ab®+ a + b into its prime factors.

LEesson XXXIX.

The product obtained by using a quantity two or more
times as a factor is called a Power of that quantity, and the
quantity so used is called the Root of the power.

Thus (2 ab)? indicates that 2ab is to be used twice as a
factor, and the product 4a*?* is the Square or Second Power
of 2ab, while 2ab is the Square Root of 4a%?’. '

In the same way, (2ab)® indicates that 2ab is to be used

" three times as a factor, and the product 8a®?® is the Cube of

2ab, while 2 ab is the Cube Root of 8ah®
Thus the expression a* —y® indicates the difference of
two squares, the roots of which are z and y.
The expression 2*—3g® indicates the difference of two
cubes, the roots of which are z and y.
EL. LESS. IN ALG.—5
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1. &?—y’=(x+y)(x—y). (See Lesson XXV., Theorem 3.)

The converse of the theorem referred to gives the fol-
lowing : _
- A binomial which is the difference of two squares may
be separated into two binomial factors. One of these fac-
tors is the sum of the roots of the squares; the other is the
difference of the same roots.

Factor :

2. a?—b% : 7. 1 —492%4
3. a®?—c. 8. 25 —a%*%?

4. 4a*—1. 9. 42*—81.

5. 9t —4. 10. 1 —2%

6. 16 —9¢° 11, 1 -2t

SveceestioN. This quantity is first separated into the
factors (1+2°) and (1 —#%); then 1 —a® is factored as
above. ’

12. #—yt 13. 2528 —a'B.  14. 9a% — 9L

Sveaesrion. In factoring Example 14, all monomial
factors should first be removed.

15. Factor a*— (¢ + y)*
" SorLutioN. The factors are a + (¢ +y) and a —(c+y).
To remove the parentheses, the operation indicated by the
signs preceding them must be performed.

a+(c+y)=a+c+y.
Since in subtraction the signs of the subtrahend are
changed,
a—(c+y)=a—c—y.
Note. When a parenthesis is preceded by the sign plus,
(+), the parenthesis may be removed without affect-
ing the signs of the terms included.
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When a parenthesis is preceded by the sign minus, (—),
the parenthesis may be removed if, at the same time,
all the signs of the included terms are changed. If the
first term of the parenthesis has no sign, it is under-
stood to be a positive quantity.

Therefore, it follows that: (1) Any number of terms may
be inclosed in a parenthesis preceded by the sign plus,
(+4), without changing the signs of the terms so inclosed.

(2) Any number of terms may be inclosed in a parenthesis

>< preceded by the sign minus, (—), if, at the same time,
the signs of all the terms so inclosed are changed. Thus,

a+b—c+d=a+(b—c+d).
a—b—c+d=a—(b+c—d).

Factor:
16. a*—(z+y)% 18. (a+0)*—(a—0b)2

17. a®*—(a+d)% 19. 4a'—(a +0)%
’ 20. (z+a)’—44°

Lesson XL.
Factor the following, first removing all monomial factors:
1. 25— 84 7. 9a'2® £ R50%.
2. eb®—wyl 8. 46 a’® —20 4.
3. dac’s®— 16 ey’ 9. w(b+2)—d(b+2).
4. 62— 209" © 10, @(z+y)—4(z+Y).
5. 82t —35. 11. 4(x+y)—&(z+y).
6. 208°—5a. 12. 9¢(a+ &) —(a+d).

s

. 13. z(«® —¥)—y(«*—¥).
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s, a’2(a? — 2%y*) — a’28(a’D’ — 2°).
=75 4a'—a (z+ )2
r//—;s. a? —at — b2+ a?b®.

SvcaersTioN. Inclose the four terms in two parentheses,
remembering the law governing the signs of the terms

inclosed :

(0® — a*) — (b® — a®?).

Remove the binomial factor from each parenthesis:

a*(1 — a?) — b*(1 — a?).

Factor into two binomials:

@-¥Y1—-a)=(a+d)(a—b)(1+a)(1—a).

Factor:
7. a2b+a’o(b3-'-b’.> 19. (a+Db)* —(c+2)*
18. 4a —4b —ax®+ ba’. 20. a,’+b’—a’:c—b"a:.
. 2L a? — b — a'2® + bt
22. 3a®+ 3ab — 3a’x®— 3 ab*>
”23. 5cy® + 5 b% — b 2y’ — b bxY.
.:;[24. a® — b “ ’
" 26. 102 —10.
26. 82 —8y—2a’ +2a%.
27. 8 —32¢.
28. 16 —y(a +b)2
29. 105
30. a(z®— ) —b(z* —¥5).
31. b(1—2*)—y(a®—1).

2RI T
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\b ‘ FACTORING.
Lesson XLI.

. (0) #+2a5+y=(

2

z2+9)(E+Y)..

®) #—2ay+y=@-y@—y.. /
(See Lesson XXV., Theorems 1 and 2.)

The converse of the theorems referred to gives the fol- . .g

lowing: °

69

d:&!l

A trinomial composed of two terms that are squares and
positive, and a third term which is twice the product of the
roots of the squares, has two equal binomial factors.

Nore. To obtain one of these equal binomial factors,
extract the roots of the squares and connect them by

the sign of the other term.

Fagtor: !
- ¢ —dac+ dat 10.
2. a®*+ 2ab+ b2 11.
3. b2 —2bc+c 12.
4. a®?+ 2abc +ct 13.
5. 9a’4+12ab 44 0% 4.
6. 1+2a®+4a' /15.
7. 4at—4a%®+ L 16
78. 2?+2zx41. 17
9. 4+ 4m+ 1. 18

~ 19. Factor a? —a®+ 2xy — 32

4w‘+12a:%{-9.

16 a? 440 ab 4 250
Ta*+ 14ab+TH.
5a*+10a’ + 5 abd’
¢ -14ad*47a.
49 — 147 + o5, -
. 16416a:|-4a’.

. §2yﬂ—16y+2.

°{| 27a°—18a*+ 3a.

[}
A

SoLuTIoN. “@f— 2P+ 2ay —y=a?— (P —22y + ) ;
@ — (@2 +P) = — (@—y).

C(/( A

=

-
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Factor: .
20. a*+2ab+ b —cb o)

21. 90— a®'—6abc— 9. L .

22. (a+Db)+2(a+b) +1 *Mhuw\
23. ax®—4a®+ 40’ —ab® - O

24. a*+2a(z+y) + (z+y)> =

26. a*(a’—1) — (a’—l).$o ‘

Lesson XLII.

1. Expand (z+ 2) (z—3).

SoruTION. z+42
z—3

2422
—3xz—6

P+ (2—3)z—6=a'—2—6.

Observe that the first term of the trinomial product is the
square of the term common to the two binomial factors.

The last term of the trinomial is the product of the unlike
terns of the two factors.

The second term of the trinomial consists of the common
term of the binomial factors, multiplied by the algebraic
sum of the unlike terms of those factors.

2. Expand (z+ 5)(z+ 7).
SorLuTioN. 2® = the square of the common term.
35 = the product of the unlike terms.

12 X x =the common term multiplied by the
algebraic sum of the unlike terms.

(+5)(x+T)=a"+12x + 3b.
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Expand (z+3) (¢ —1).
Expand (z —2) (= + 3).
Expand (¢ —4) (¢ + 5).
Expand (y+4)(y—6).
. Expand (2 +a)(x+0).
SOLUTION. (z+a)(x+b)=2"+ax+ br+ab
=2+ (a + b)z + ab.
Note that the second term consists of the common term x,
multiplied by (a 4 b), the algebraic sum of the unlike terms.
8. Expand (24 ¢) (= + ¥).
9. Expand (24 a)(x —c).
10. What are the factors of z*+ 7z — 8 ?
Sorution. From the principles given a.bové, the follow-

ing method of factoring trinomials of the above form is
derived :

A trinomial of the form 2* 4 7z — 8 may be resolved into
two binomial factors having a common term. .

For the common term take the root of the square, ().
. For the unlike terms take two quantities whose product
equals the third term of the trinomial and whose algebraic
sum multiplied by the common term equals the second term
of the trinomial.

The product of 8 and — 1 equals —8.

The algebraic sum of 8 and —1 equals 7,and this multi-
plied by the common term z equals 7 .

P4+ Tx—8=(x+8)(z—1).
Factor the following:
11. a’+3a+42. 13. a’*+5a+46.

12. a*+2a—8. 14. 2>—-5x46.
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15. a*+4+Ta+6. 24. 2?4+ 2x—15.
16. a*—a — 6. 25. a*+a—12.

17. a*+a—6. 26. b —0b—12.

18. *+8zx+15. 27. ¢4+ 13c+12.
19. a’*—T7a+6. ' 28. ¥ — 13z +12.
20. B +5x+4. : 29. o'+ Ta+12.
21. a:’+6a:+8 . 80. y¥*44y—12.
22. 7‘a+12 31. b*—4b-—-12,

23. y’ 13y+40.' 4 82, P —8y+12

=
e Lesson XLIII.
Factor the following: “
"1 20412032, (4. 5at—20a%* —250%. = 5 ¢
‘2. 322+ 182424 J 5. ab—2ab—4b o &
J 8 a—9a*+14a. ~{/\6 P +5ar+6a> O\
SueeesTioN. 6a’ may eWived into the factors 3a

and 2 a, whose algebraic sum, 5 a, together with the root of
the square, x, makes up the second term.

7. 2*+4ax +3ad (11. 2a% —4ab®—8.

8. ¥*—2ar—15a’ 12. a®*—ac—6c%

9. y*—4ay—21y° 13 a’+3abc+2b’c’

10. '’ —Tazx+12d” 14 42 +8x43. -

SorutioN. The root of the square, 42% is 22, and this
enters as a factor into the second term, 8z. Dividing 8 z by
2 x, the quotient 4 is obtained, and this is the algebraic sum
of 3 and 1, the factors of the last term of the trinomial.

4224+ 82+3=(2z+3)(2z+1).
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15. 42° 4+ 142412, 18. 94+ 6yb+ %
16. 988+ 9z +2. 19. 362+ 24 bz — 50
17. 42*—8ax+ 3a> 20. 4a*2* —4ax—15.

21. #*+ ax —br —ab.
SueeEsTION. 2°+ ax — bz — ab =2*+ (a — b))z — ab.
22. 2*+2ax 4 3bx + 6 ab.
23. 2+ a¥%c + ax 4 a®
‘ 24. o'+ 2 ax® — 3b2® — 6 ab.
26. a’x® 4 2 abx + acx + 2 be.

Lesson XLIV.
(This lesson may be omitted at the discretion of the

teacher.)
1. Expand (2a+3b)(3a+50).
.‘ SOLUTION. 2a 4+ 30
d , _ 3a + 5b
' 6at+ 9ad .
’ . 10adb 4+ 150°
6a’+419ab+415%*

Observe that: (1) The first term of the trinomial product
is the product of the first terms of the binomial factors.

(2) The last term of the trinomial product is the product
of the last terms of the binomial factors.

(3) The second term of the trinomial product is the alge-
braic sum of two products, the first of which is obtained by
multiplying the second term of one binomial by the first
term of the other; the second of which is obtained by mul-
tiplying the first term of one binomial by the second term
of the other: this process is known as cross-multiplication.
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Apply these observations in expanding the following:

2. bz+3y)(Bz+5y). 4. Br+4y)(2z—y).
3. (2a—3b)(3a+4b). 5. (Tb—8¢c)(8b—4c):
6. Separate 2 2’ 4+ 5 + 2 into two binomial factors.

SorutioN. By reversing the principles involved in the
above expansions, the following method is obtained for
factoring any trinomial, which is the product of two bi-
nomial factors : .

The first terms of the binomial factors will be factors of
the first term of the trinomial product.

These are (1) 2 and 2*
(2) 22 and =.
(3) 22°and 1.

The second terms of the binomial factors will be factors
of the last term of the trinomial product.

These are 2 and 1. .

These factors must be combined -into two binomials, such
that, by  cross-multiplication, two products are obtained
whose algebraic sum equals the second term of the tri--
nomial. , o

The sets of factors in (1) and (3) contain 2? and this
does not occur as a factor in the second term of the tri-
nomial. Therefore 22 and « are the first terms of the
binomial factors.

Trying the two possible methods of cross-multiplication,
the factors are found to be

. (2¢+4+1) and (z+2).

. Factor 222 + 112 4+ 12.

‘SuecEesTIiON. The possible factors of the first term are
22 and z.
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- .The possible pairs of factors of the last term are:
* (1) 12and 1.
(2) 6and?2.
(3) 4and3.

Each pair of these latter factors must be tried with the
factors of the first term, until products are found whose
algebraic sum equals 11z.

Factor the following:

8. 622+ Tax4 2. /2 20 — 2 —15.

9. 62+11z+4 3. 13. 1224 112—15. -
10. 22*—Tx +6. 14. 6a*+a—15.

11. 224z —6. 16. 15a® 4 20a — 35.
16. 2a*+ab— 0%

LEss V.

(@) 2+ ¥=(z+y)( —zyty). .
@) P-yP=(a—9) (@ Fay+1).
(See Lesson XXVI., Theorems 4 and 5.)

The pupil should memorize formulas (a) and (b).

From the theorems above referred to, it follows that a
binomial consisting of the sum or difference of any two
cubes may be factored as follows :

Let it be required to factor 8a® 4 b%

The cube roots of the two terms are 2a and . Substi--
tute in formula (a) 2a for z, and b for y.

8a*+ = (2a+b)(4a* —2abd + b?).
Let it be required to factor 8 a® — 27%%
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The cube roots of the terms given are 2a and 35. Sub-
stitute these roots in formula (b) for z and .

Then 8a®—27b*=(2a --30) (4a® 4 6ab + 9b°).
Factor the following :

1. a® 45 7. 849 13. 1—da®

2. 42 8. 27T 4% 14. 27 4o

3. a* =0 9. 8a®+ 832 15, 242°— 392
4. a*—~ 10. a®®+ ¢ > 16. 16a®+ 2%~
5. a®—1. 11, 4a*—4~. 17. b4y — 162
6.. 142 <12, 2722 —1. 18. 2y 4 272%y.

19. Factor a®—1.

SuccesTiOoN. Note that a® is the square of a® This
binomial, therefore, is the difference of two squares, and
may be separated into the factors (a®4-1) and (a®—1).
See Lesson XXXIX.

Each of these factors may be again factored as in (a)
and (b). '

20. Factor :i‘+1.
SucGEsTION. f is the cube of 2*

Factor the following;

21. 28 +8. 28. 29—yt

22. o —ax 29. 27 —(a+0)%

23. a®b® — 30. 1—643°

24. (a+4b)°—¢ 31. 3—24(z+1)%

'25. #*—z(a+c)d 32. a'—a(8+ ).
7 %. (a+b)*+(c+2)% 33. 54 —2(a*—8).

27. (z+y)*—(a+b)® 34. 3°*—3(z+y)>

35: 2a®+ 2(a°—bY).
\

B e LI R T 2
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. Factor the following: ; !
1. 2y —ay “13. 4a*—40"
/2. 20 —2ab’ 14. a®—a —90. :
“ 8. 3ax’—6ax’P +3axyt. 16, a®+4 b*—ct—2ab.
4. 4y 48y 44y 16. (x+y)—xz—y.
5. o'y — 9z + 20 xy. 17. (a4 b)%® — %2
6. a®—a(b+c) 18. @’y +1.
7. a*+ a*(b+c)% 19. 44’ —320%°
8. —y¥—z4y. 20. 1—(a+b)3
9. 40’4+ 4a°—168ab. 21. = —(y+2)~
10. »¥*—12% —45. 22. @ —(y+2)>%
11, #4224 1. 23. ab+ac+2bx+42cx.
12. c*—8c%+ 16. 24. a®h® — a’c® — b*x® 4 &’
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HIGHEST COMMON DIVISOR.
Lesson XLVIII.

(a) a’, bex, abe.
(b) az'y, bay’, 25.
(¢) a'z+ay, 2 — 3, 2 + 22y + o
What factor is common to the three quantities in (a) ?
In (b)? In(c)?

Norr. A factor which is found in two or more quantitieg
is called a Common Factor, or Common Divisor, of those
quantities. 4

The product of all the prime factors common to two or
more quantities is called their Highest Common Divisor,
abbreviated H.C. D.

1. Find the H.C.D. of 6 a’ and 9 ab®.
SoLutioN. The common prime factors are 3, a, and b.

3 X a X b=3ab, the Highest Common Divisor.
2. Fims the H. C. D. of 10 a®hc and 18 ab’c.

8. Find the H. C. D. of 55 a’c'zy and 77 ace®s’.
4. Find the H. C. D. of 16 a®?® and 24 ab’c.

SucecesTION. Note that the common prime factors are
three factors 2, one factor a, and two factors b.

2x2x2xaxbxb=8ab’ the Highest Common Divisor.

Find the H. C. D. of the following:

5. 4a'%’ 10 as’. 8. 8az%, 12 2% 24 o’
6. a®h*?, 24 a®b°x*. 9. 3ab, 5a%, 15ab®.

7. 4a*, 6’ 10 a'z. 10. 21a°z, 49 az’y, 9z’
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11. 8%y, 122, 24 2% 18. @*+1, a*—1.
" 12. 15a%%P 25a%? 30a’*?. 14. a*4-2ab+ b ab 4 b

15. 20 azy’, 30 aa’y, 4 a’xzy. :
16. 20 a%?, 25 ab'c, 35 o'’ 15 a'bt.
17. o'+ ab, 3a(a +b).
18. (a+b)% (a+b)3, (a+b)*
19. 3(z+y)% 6(x+y)*4 9(z+y)°
20. 3(z+y)% 6(*+22y+ %)% 62— 642
21. 328 — 3% 34+ 6bz+ 30

)ﬁz. ax® — at o — a?. <
23. ?—2z2+1 22 —52—6. '
24. P?—4dz4 4,24 82+ 15.

Lessox XLIX.
Find the H. C. D. of:

# 2(2* — 3 abw — 10 a%?), 4% 4+ 8 abas. -
@+ ax+a’ 32°—3a% X
2+ 9ar+14a®, s —4ad ¥
4 2%(a+ 7)}, 10(a% —a%)% X
a:’(a?—- 2*)% a’r 4 azd .- X
(a% — ab®)?, ab(a®—b?)%. X
6(2—1), 8(x*—3z+2). -
(@ +2)), B@—2—2). X
4P+ ), 6(a*—2az—3a?). M
a’(2? + 122 4-11), o’ —1la’z—12a"

® ® e Tk ® D

[
g
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X 11—y Py —2ly+yt 18, By Py + 2

4 12. 32°—
/5.
6.

7.
/.
19.
20.
21.
22.
23.
24.
.25.
£6.
217.
28.
29,

3,382 +122—15. 14. 8+1, *— 4z —5.

a®—b &+ a4 ab®.

g'—ab? 4a*+4a%+44add
3a*+6ab+ 30 a’b+ bt

2 4 (a+d)x + ab, 2>+ (a + c)z + ac.
a?—azxr—ab 4 bz, 3a*— 327

a(a+0b)% a*(a+b)% a*(a+b).

2 ax(2* + ¥*), 4 az?(2* + »*)?, 6 a2 (2* 4 3*)>
4(a—10)? 6(a—0)% 8(a—1D0)*~
zy(a—10)? o'y(a— b)Y o’ —aby’+ b’
P-4z 2*—8x+416, 2* —22—8.
?+r—6, 2+T2+4+12, 2 —22—15.
?+27, 2+ 52+6, 22+ 64 9.

22 4+ ax + bx + ab, &*+ ax + cx + ac.
2—(a+0b)? a*—(z+D)% V¥ —(2+a)’

——e0loe——

LEAST COMMON MULTIPLE.

Lzrsson L.

The quantity a®+az may be exactly divided by a.
Therefore a® 4+ ax is called a Multiple of a. a?, a’b a® — ab?
are also Multiples of a.

The quantity a®+ az is also exactly divisible by a + =
and 1. It is, therefore, called a Common Multiple of a,
a4, and 1.

\, -

9(a%® —4), 12(a%® + daz +4). /\
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\1 .

Find all the quantities of which «%?is a common multi-
ple. ©f which 4 ¢ is a cofpmon multiple. ®f which a® — 3?
is a common 1nultiple. which 3aa® — 3¢ is a common
multiple.

Nore. @bserve that any quantity‘is a multiple of all its
factors and of its facters only. Therefore, a common
multiple of two or more quantities must contain all
the factors of each of these quantities.

' Find common multiples for :

1. 4, 6, ¢% b «a. - 8.9, 4d% 3 b ot
2. 664 @, z+y, (x4+y)% 4. z+e 2*—a? 2.

Nore. Obgerve that for each of these groups of quanti-

ties there are a great many products which are common -
multiples of the quantities. Of these multiples the
least is called the Lywest Common Multiple, abbreviated
L.¢. M. This must contain all the prime JSactors of its
divisors and no other factors.

To find the L.C. M. of any set of quantities, separate each
quantity into its prime factors, and form a product
which shall contain all the prime factors of each of the
quantities and no other factors.

5. Find the L.C. M. of o’ 3b, 4c.
SorutioN. The prime factors of these three quantities are
SRR
Their preduct equals 12a’c’, the L.C. M. of the quan-
tities.

6. Find the L.C. M. of o, ay, 10z —10y.
7. Find the L. C. M. of abe, z+ y, 4.

EL. LESS. IN ALG. —6
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8. Find the L. C. M. of a?, abe, 3ac

SoLutioN. The L.C.M. of these three quantities is
3a?»c? for this contains the factors a, a of the first quantity,
the factors a, b, ¢ of the second quantity, and the factors
3, a, ¢, ¢ of the third quantity; and it contains no other
factors.

Find the L. C. M. of the following™,,

9. 6a%, 9ab 15. 222%7, 332%?% 44y
10. 102%, 18az%y. 16. 24ab%?, 12a%c, 8b%".
11. 3ab, 5a%, 15ab* {I. 9, a®, 12a’xy, 18a's®.

12. 102%, 15z, 20a%* 418. 2a, (a+2), (a+2)%

13. 12a%% 18ab’c, 24a’’. L19. 3¢, c+cx, (14+2)°

14. 24as}, 320ay, 48cy® ¥ 20. 2(z—a), 3ea?—3a'e.

7 21:_%—-}- ai,l 8(z—a)? 4(2®— a)’)

3. 6(y—3a), 3(y+3a), 9(s*—9a?).

23. (a+0b)% a®—b% a®— bt

24. (x+y)%, 22— 2+

ST e B, @—y)Y (@)

Ao

\

e Lrsson LI
Find the L. C. M. of the following:
1. a(b®*—¢), 2(b+c), y(b—oc).
2. 2*+ax+a? 3(a®—a’), z—a.
3. 21(z* —a*), 14(2*+ a?), 182* — 184>
4. (a+b)% (a+0b)% (a+b)
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25(z +y)% 50(z+ )% 10(z + y)j/
a(z—y), ’(z—y), a'(z—y)*
L2a’(:c‘+ ¢), 8ab(z+c¢)’ 427+ 8cx+4c%
a’(z—y), a’(z—y)’ a'(z—y)>
(a +b)% 3(a®—0%). ‘%
z—y, @ —9, (z+y)* \

N + 22y + ¥, 2" — 22y + o
S\(w -y)% 2—y, & -y
\3 z+3, 2(x+5), 2?48z 415,
z+a)(x b), (m+a +c’), (m+b)(x+cx

P : 15 }\ 22— ny \
S : +5 Dozlg 2N g i1

. 3z—4, 2*—6z+5, 28—z — 20.
. 282415, o +To+12, 2° + 9z + 20.

. @+ 2215, ?—Tx 412, o* 42— 20.
. 24 2—20, 2 —bxr—4, 2’4+ 4z—5. )

a?—(b+c)d B—(a+c)} c—(a+d)2

e 22. 22+ 112415, 222+ 2—10, z* 42 —6.
T N
N 23. 64 +132+6, 622 —52—6, 42°—9.
24. a2®—ay?, o —xzp, Py 4+ ot
~N

25. B4+ o —2YP -2 ot —oh
28. P+ L—afP 4+ F— 9t
27. a*—b’, 3(a —0)% a®—0%

28. 6{a + b)’, 3(a —b)? a*—
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FRACTIONS.
Lrssox LII

In Lesson IIL, it was shown that one method of indicat-
ing the operation of division is by writing the divisor
beneath the dividend with a line between them.

Thus a+b =g-. This last expression is called a Fraction.

The fraction, %’, indicates the quotient obtained by divid-

ing the quantity a by the quantity b, and is the simplest
form in which the quotient can be expressed.

Nore. Multiplying a dividend and its divisor by the same
quantity does not alter the value of the quotient. Thus,
the divisor, 2 a, is } of the dividend, 6 a, and four times
2 a is } of four times 6 a.

6a_B8a_3_g-
2¢ a 1

Dividing a dividend and its divisor by the same quan-
tity does not alter the value of the quotient. Thus,
the divisor, 2a, is 4 of the dividend, 6a, and one half
of 2a is } of one half of 6a. Hence, the numerator
and denominator of any fraction may be multiplied by
the same quantity, or divided by the same quantity,
without altering the value of the fraction.

6a_24a_3a_3_4

h — =" ==
Thus, 2a 8a a 1

1. Reduce ﬂﬁ%ﬁ to its simplest form.



- ¥

N

FRACTIONS. ‘\ 4 85

SoLuTION. Find‘ a factor common to the numerator and
denominator of the above fraction, and divide both terms
of the fraction by the common factor.

aa:+ay____x_+y
ab b -

Since the terms of the fraction m_-;-_g have no common

factor, the fraction is said to be in its simplest form.

2. Reduce :2"';;2 to if?s simplest form.

SoLuTioN. A fraction is in its simplest form when its
terms have no common factors. Since the H.C.D. of two
quantities contains all their common factors, a fraction
may be reduced to its simplest form by dividing both its
terms by their H.C.D. Divide both terms of the above
fraction by their H.C.D., 4 v.

r+y _ 1
Z—y w—y
Reduce the following fractions to their simplest form :
/ 4o’ 8. ga+b)3 . 13. 4a° —4ab*
6a* 2a(a+b)? 6a’ 4 6 b%
6a’’ ?—1 a®—a*
4. . 9 - . 14, ——.
8ax’® 2(x+1) (a—2)?
5. 200, 0. 2=F . g ©t+2a-3
1258y 2a(x—y) a?+6a—17
6. 12890 n 3@+8) 4 2002
8a%?* 25a(x+y) a—2a+1

2(a+b) 12 at—b 17 ?—a®
" 3a(a+b) " 5a(a—1b) " 5(a? —ad)
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'/’18. 3a(2® + 2az + a?) 23, = +c)
dc(#*— a?) a’+ ab + ac
19. ﬂ"-l-“"_w). 24. M
8a'b — 8bxt 1 +2)®
20’ —6a—8 2 228+ 2y
P 200 —4m———. .
" Ze—8a—10) (% 10—y + 2
4a? -4 16a* 4 40°
21, =% —29 | ; L o
a1 5 % S+
22. —yai 27. (a+1)(a’2"‘a+1)
¥+ 2by + b* at—1

C—t/\/\-»\—*)

Lesson LIIIL
1. Reduce 2—y to its simplest form.
x4ty

SuceesTION. In this fraction the denominator is a fac-
tor of the numerator ; hence both terms are exactly divisible
by the denominator, and the quotient is an integer.

Nore. Observe that a fraction may be reduced to an
integer when the denominator is a factor of the nu-
merator.

Reduce the following fractions to integers:

N 2. 2(a*—0%). 3. af—b° 4 2+

' a—0b o’ + b F—zy+y |
3(a*+ 2 ax + 2%) ?—5x+4
5. 7. =221 2
3a+3x x—4
6. _ 8(@—b) g, T+122+435
" dattdab 440 ) x4+ 7 (

e ————— s s
-  ————— e e St e et
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»
9. Reduce 2a + b to a fraction having the denominator
ac.

SoLuTioN. 2a +b= “_"_(2:0—'“’2.

In division, the product of the quotient and divisor must
equal the dividend. Consider 2 a + b, the given integer, as
the quotient of the required fraction. Then the product of
2a + b, the quotient, and aec, the divisor or denominator,
must be the dividend or numerator. This product is indi-
cated above, thus: ac(2a+b). Hence, an integer may
be reduced to a fraction having a given denominator by
taking for the numerator of the required fraction the product
of the integer and the required denominator.

10. Reduce a’*x — by to a fraction with the denominator az.
11. Reduce #? — cx to a fraction with the denominator 5 ¢.
12. Reduce a+b to a fraction with the denominator a —b.
13. Reduce 2 — y to a fraction with the denominator z4-y.

2
14. Reduce % to its simplest form.

SvceesTioN. Dividing both terms of

=a+2S.  the fraction by its denominator, the quo-
tient is the integer @, and a remainder ¢,

the division of which is indicated in the form of a fraction.

a’+e
a

Note. An expression consisting of an integer and a frac-
tion is called a Mixed Quantity.

15. Reduce Q%ﬂy- to a mixed quantity.

16. Reduce

2
'ﬂ)—'*';:—c'*'—cj to a mixed quantity.



ESPON

o -'\‘-—.

-'.*/' . ?
.

- the product of ¢ and y. Therefore, c — % =Y —C.
. ! y

.,/ ) /r
. o7 ~\ F
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. .
17. Reduce a_-}-_gb_—_c to a mixed quantity. =

SuceesTioN. In this fragtion the remainder, —¢, is a
negative quantity, and, therefore, the fraction, %, must be
subtracted from the integér, a+b.

SoLuTiyx./ Since a'y integer may be
mera.tor of a fracmon ha.vmg

tor, th mtegsr,\ s 18, mllltxphed by the
e product added to the numer- !

L -
i N
!
4

quuce the foll«}wmg mixed quantitie to fractions:
U
22. ab+S. ! g3 9429 24. ¢S,
! a ' y y

1

1

{
SgaecesTioN. ‘In Example 24, since the fraction is a ne t
tive quantity, the numerator, ¢, must be subtracted from i
!

1

Yy
25 a+“’+“ 27. a—z+- 2, |
2 - ~
26. a+z+a_:m. : 28. 7 — a+”’i‘;- D

'



{ “Lmssox LIV.

4 2&\21" 3

/1. Réduce — A'_f?_‘gn equivalent fraction with the
d

>N .
enominator act, / -5 J

i / SoLurigN. Observe ﬁmﬁ;}he denominator, ¢, of the given
. " fraction myst be multiplied by ac to equal ac’, the required

denominator. Since the value of the fraction is to remain
unchanged, the numerator, 2 @ — b, must also be multiplied
by ac. Thus, A
2a—b_(2a—0) xac_ac(2a—1?)
c cXac ac?

Note. To reduce a fraction to an equivalent fraction with
a given denominator, multiply both terms of the frac-
tion by such a quantity as will make the denominator
of the fraction equal the required denominator.

2. Reduce :Ig to an equivalent fraction with the

denominator 2*—9.

SueeesTioN. The factors of #*—9 are (¢+ 3) and
(# —3). Therefore both terms of the fraction must be
multiplied by « — 3.

Nore. To find the quantity by which to multiply both
terms of the given fraction, divide the required denom-
inator by the denominator of the fraction.

8. Reduce Ziz to an equivalent fraction with the

denominator 4a? + 4ab.

4. Reducti g to an equivalent fraction with the de-
nominator 9cy’.
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5. Reduce 843;—:1 to an equivalent fraction with the
denominator a?® — b2

5a4+b 4x+4+b Ty+3c
2 ' 4a '  6ab
tions having the common denominator 12 a?.

1 1 1 . . .
7. Reduce 7 b w to equivalent fractions having

6. Reduce

to equivalent frac-

the common denominator a?b%.
1 a b

ety z—y 22 —9)
tions having the common denominator 4 (2? — ¥%).

8. Reduce to equivalent frac-

Note. Fractions having a common denominator are called
Similar Fractions.

9. Reduce to similar fractions: ‘H, b_a:’ @,
by ay ab
Nore. Any common multiple of the three denominators
may be taken for a common denominator, but the sim-
plest result is obtained by taking the L. C. M. of the
three denominators for a common denominator. This
denominator is called the Least Common Denominator,
abbreviated L. C. D.

Reduce to similar fractions having the L. C. D:

Sa dc 90 P S

be’ ab’ 2ac " a+4+b a—b a?—0

1 3ac 2bc a 13 o+ a—z a’+2

" 22% 3ax® o'y "a—2 a+2 a?—a?
a b c

14. a+2 P+0 d—arta

—



¢ ) 2a . 1e. 3a
2?4+ 5246 22—3x—10 a? —ak

SueeesTION. In Example 16, reduce the fi
its simplest form and reduce the mixed numbe

' - 17 ab be N
o \ Z—32+2 F4dn_12

® 2¢0—1 2z41
N 18. 422—1 22471 22—1

@ _b

b’ ab®— b

_ 7 40
2¢ 1424 1—42°

_ 2 3 .
g a—z (a+z)? (a—

SUBTRACTION OF F
LEesson LV.

b+

1. Find the sum of  and §.

SorLuTIoN. £ may be considered 2 times
considered 3 times 3. Then2 x 3 +3 x 1= (%

2. Find the sum of 2 and °.
X X
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3. Find the sum of % and b
x z
SoLuTION. 9=ax1- 2-—bx—o
z z =z
ax-= +bx1_(a+b) 1 a+tb
z z
4. Find the difference of ¢ and 2.
x
SoruTION 9=ax1- Q=bx1
x r =z x
a b 1 a-b
a_9o_ b) X = = .
T (a—0)x x z

Nore. The sum of similar fractions equals the algebraic
sum of their numerators divided by the common denomsi-
nator.

The difference of similar fractions equals the difference of
their numerators divided by the common denominator.

Let the pupil verify the above statements from the
operations in the foregoing examples.

Find the sums of the following fractions :
a'b ac and M.

5.

Cay ay xy

6. 2“, 3c,and z L4
z+y 4y 249y

a? ab ab .a.nd v
ac+bc ac+bc ac+ be ac + be

7.

SueeesTION. The sum should always be reduced to its
simplest form.
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.—-——-—-——‘-'I — T = e

8. Find the sum of a?b’ %, and be,

SuceeesTiON. Only similar fractions can be added.

1 1 2
9. Add Tva I-o and T
10 Add —% —%  and %
' z’+y” d—y T -y
11. From % subtract 2ab,
22y 3zy
2ab 3ab
. i t o0&,
12. From 1y subtract 4!,,
13. From :1’: subtract ::_-LZ:
2?4+ ax + a? 2+ a®
14. From ?_'_———— subtract ot

Nore. In place of the parenthesis a straight line called
a Vinculum (~ ) is often used. Thus (a+b) is
equivalent to a+ b, and the product, (a+ b) (a—b),
may be written a +0 a —b.

The horizontal line in a fraction acts as a vinculum for both
numerator and denominator.

15. Find the value of 3¢ +0 _ &myz'

SoLutioN. The sign before the fraction < +2

indicates

, xy
that this fraction is to be subtracted. Since the horizontal
line acts as a vinculum, or parenthesis, for the numerator,
and since the fraction is preceded by the minus sign, the
signs of the terms in the numerator must be changed.
3a+b_~a+2=3a,+b—af_—3=2a+b-—'2.
xy xy xy xy
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Nore. From the above it follows that, in combining simi-
lar fractions, when a fraction is preceded by the minus
sign, the signs of all the terms in the numerator of the
fraction must be changed.

Find the value of :

1 1 1.1 1
16. —— . 24,2 1
6 1+a+1—-a 19 b+bc be
a a a b a4+ b
17. - . .
7 a+zr a—=z 20 a+b+a-b a?®—b?
z b 1 y
18, — =~ _ 42 . .
8 —b’+a+b 2 z—1 a:+1+a:’ s
J Lesson LVI. ‘X
é \}s{d the value of : Vi
2 S
r— 1 a:+1 - o
]‘
2. (2a—29:+a—'z)—(2a—4a:+z_a)- ~
a . x
3z_y Tz 4y
N ST T3t
.:f‘\‘ 4, 9 a __a .
H =T N_a—z a4z at—oF
\ v’A\' ‘—-_‘_};k
- S 5 x _a=+3.
| ‘-3 z
8 2(a,’+b’)_a—-b 8 a+b a—b.
T oat—b0  a+b “a—b a+d
14a® 1—a 40®  1—a?

l—a’—1+a*' "1—at 1+4a*



10. 2
11.
12.
13.
14.
15.
16.
17.

18. -

21.

22.

23.

WN AND SUBTRACTION OF miAc:MONS
Ve
2 __ p2
e, 3b +a b*—ab \

)

b cx bex

b+c+c—a a—>b

be ac  ab

R
3

a—zr a®—a?

a ax

a+4c b+c

(a—b)(x—a) (a—b)(a: b) \ﬁ\
o e §
)\Z)
~

(a+b—--£) (2a. 3b+
ax

1
m+y+z’iyy"+w2 wyﬂ-y’
z __xy
z+y (z+y)° (z+y)°
2 3 2¢—3

TZ2s-1 do—1 N ¥
x 22— — \\
2 4

TP —Tz4+12 2#—62+8

1 i x

) a+m+a-—z (a+m)2+§a—m)’

3 2 x Y
+ + 5t '
a(z—y) bxz+y) c(@*—y) d@='—yh)
ab 41 +a’b’—1 adt+1
a?®bt—1 a't'—1  a®b®—
Bax(c+1)? 249 + a—b
-1 A4+9c+8 E—Tc—8

+_
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MULTIPLICATION AND DIVISION OF
FRACTIONS.

Lesson LVII.

Multiply the dividend in % =a by b; then

—b—z— = ab.
Observe that the quotient has also been multiplied by b.

Divide the divisor in ‘;-”_:= a by b; then

aba =ab.
x
Observe that the quotient has again been multiplied by b.
Note. Since a fraction is an indicated division, and, in
its simplest form, is also the quotient of the division,
it follows from the above that a fraction is multiplied
by an integer when its numerator is multiplied by the
integer or its denominator i divided by the integer.

Find the value of :

zy ax
1. =2 A . — .
a X@ | 4 byxy
. zy a+c
2. a,xa. . 5. x’—y’xx-*_y'
427 7y
3. — x3. 6. ———— X 3a+ 3b.
3yx 3(a+b)’x a+
.. .. . abx .
Divide the dividend in W__-b’ by b; then
ab: ‘=Db.

ar




MULTIPLICATION AND DIVISION OF FRACTIONS. 9T
Observe that the quotient is also divided by b.
. .. . ab® .
Multiply the divisor in = b by b; then

ab’x
—=b.
abx
Observe that the quotient has again been divided by b.

Nore. A fraction is divided by an integer when its numer-
ator is divided by the integer, or its denominator is mul-
tiplied by the integer.

Find the value of:

ab ac®
7. —;—-.—a. 9. = - QC.

abe w“’_us
.80 g 10. Y ox—y.
8 p x 0 r—Y.

11. Find the value of 2—(% X 3(a + b).
SorurioN. Multiply the numerator of the fraction by
the integer.

Then 3(‘”2'2';2/)}';2')" b) =ggi'~;g when reduced to its
simplest form. ,

This result is more easily obtained by removing the com-
mon factors from the denominator of the fraction and from
the integer before multiplying.

Th t+y 3 =3(=+y),
ue g < 2D =3, 1)
a—>b
This operation is called Cancellation, and should be used
when possible.

EL. LESS. IN ALG.— T
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12. Find the value of ?41(”—4'“% X & —yt
c—y

ELEMENTARY LESSONS IN ALGEBRA.

z4a f+y_(:v+a)(c+y).
SoLuTION. -AZL) XE~<F= R B

2

. ab cx
13. Find th 1 f —
in e value o p xa+b iab
a—>b

a?—- b

z
SoLuTION. &yx o xa”‘,5'=-’°(“—b),
g oAb }Zw 4
I 4
;7 Find the value of :
/ = b - 2+ 2z + ¢
2 14Y 1T -2 . 18. rrazrce A
641;—23/ #+y 4da(x+c) oo
1 ——,:»J/f—:—3:c—6y. 19. a2_b2+a—b.
~ — =0 a+\b
o -J )
<3 - (z=u)* 7 — 20. ©—52+4+6 —9
S vepn it A 2@—8)
t’.} _ 2 .
‘H:_\‘;—%-a- z — 21. ﬁ:'x%x(x-—a)”.
TOSNTT ~
N 22 ﬂz——x5(a+b)
' ~ " a*+2ab+ b '
<. rTes 2T s pi2r-u
~ r*—22—6
s S L _
3 ¢ 24, T 2 bY). e
.\ ' a+bxx(a ) fa
\V —'_f P)
' , *., 265. %‘l—/+axy+a’y
A3 T '
N ,
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MULTIPLICATION AND DIVISION OF FRACTIONS. 9
Lesson LVIIL
1. Multiply% by g
SorutioNn. Multiply % by c. % Xc= S
This product is d times too large, since it was required to

multiply only by ¢-+d. Therefore, the fraction %c must
be divided by d.

ac ac
=+d=—.
b bd
Therefore, % % 5: l‘:—;.

Note. Observe that the product of the numerators of
the factors is the numerator of the product, and that
the product of the denominators of the factors is the
denominator of the product.

2. Multiply % by :—;

SOLUTION. a b_axb_ab
¢ Yy cXy cy
Find the value of :
\
3. ‘Z’g\&? 5.§xgx%
] 2
4. ,x?_gxa_bc. 6. ﬁxa_h‘xiy_.
ab  ax xy Yy uc
a+b r+y a—b
1. a_bxza,_wx TR -
8 202 —4ab+20° P—ax—2

-2 . 4z 44
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. Divide % <
9 Dwxebdbyd

In Ex. 1,
n Ex. 1, = x

Therefore,

c__.ac
(—l ’

=ﬁ of which gb and c_‘; are the factors.

ac Cc a
— o= 1
bd d b @

Observe that the numerator of the quotient equals the
numerator of the dividend divided by the numerator of the
divisor, and that the denominator of the quotient equals
the denominator of the dividend divided by the denomi-
nator of the divisor.

Also

But

and

Nore.

ac ,a_c

—_— -t — == — 2
bd b d @
ac b_ ¢ '
bd“a” d

ac d_a

b " b

From the above it may be seen that dividing by
a fraction is equivalent to multzplymg by the fraction
inverted.

Find the value of :

10.

11,

12.

wi__yg..a.mﬂ:
22 a
2ax , 2a
-0 a+d
Taxy , Tz
3% "3
25axy  Szy,
2Tbc  9be

14.

15.

16.

17.

vy e //fé7ﬂcu‘0%¥
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Find the value of:

2a  3b _4ac -0 _ B4+ H
18. wxcxd 22. o Xb+c\
. r

a+x 4a 2?—-2ay+y T x—y

19. 23.

20 *3(a+0) @ be
daxr 3xzy 2 xt — bt 22+ bz
L2 xS xS 24, + .

20 y X 24 "z ?—2bx+b x—0b

21. (b+l£)9- 25. (1+1)+(1—l,>.
ajx a a

SuaeesTiOoN. In Example 21, reduce the mixed quantity
to a fraction before multiplying.

1 z \. (1+2)?
26. (1+z+1—x>+(1—a:’)2
SvceesTiOoN. In Example 26, perform the addition be-
fore dividing.

(a—2)*_ 3ab 2¢
2. 2a xa-—mx(a—z)’

., By atD, dlatd)
Yo -y P 2xy+ 8t

SuceesTioN. Invert the last fraction in Example 28,
and take the continued product.

Bl

Problems in Fractions.

——2
x

1. Reduce to a mixed quantity.

2. Reduce %—mﬂi to a mixed quantity.
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. R \ge 2ty \u_]@/{ .
—:E——L to a fraction w

2 —y

2a+2b+zc Y Py tay
. 9 (Z+y) _(a’ Y
—xy+aJ 8y
22' —10z — 28 )
T 10z—-35
Find the value ¢f the f wmg
11 224 xy (x— x’+y+ 22’y + 2z
z—y a’+b‘ :1:’ v P4y P—
@ B\(z, ¥ 14 Nz ).
12 (a:+‘y)<b+a> ’ +:v x/\2?—1
15 3 7T 4—2g
"1—2a 1+42a 4a2_—/{
16 a4+ & b?

ab  ab+ b @+ abd
(z+0a) (a:—a) 202 —2ax.+ 222

-

/7 xs+as (x_*_a)? Z)‘J
18 3a:cxga+m)(a—x) bc+bxxc—a: —

,,/ by ¢t —a? dtax a—=z 2

.

! 19. (a:+a_a:—a_ 4a? )(x+a) 20_

! 2—a xz4+a *—a?/\ 2a

20- <(a, i b)? - %’) (a,aj -b_fc).




INV{)
Lesyox LX.

\

e _fulb_f thebeginning of Lesson XXXIX.

1. wxw—?/ 2ax2a="7? 9¢?x9c=" /
3ax3ah=? azyxazy="? TP x Teyt="? /\‘?‘
(a+0) (a+b)=? (a—b)(a—b)=? (2+2)(z+2)="? '

What name is given to the products of the above pairs

of factors? ?IoTv many equal factors are there in eac :
product ? q(’ll"’

2. axaxa=? 2a*x2a®x2a’=? PxVPx¥P=2?
What name is given to the products of the above sets

of factors? How many equal factors are there in each
product ?

Nore. (For the definition of Power and Root, see Lesson
XXXIX.) A power takes its name from the exponent,
which shows how many times the given quantity is
to be used as a factor. Thus, (b**%*)® is read: The
Jifth power of b*%'. The second power and third
power of a quantity are more commonly called the
Square and Cube of the quantity.

3. How many times is a quantity used as a factor in
producing the fourth power? The sixth power ?

4. What is the cube of a?%*? The fourth power of 2y ?. ?
The sixth power of abc?

5. Find the square of 2 a’®

SorLutioN. (2a%®)?=2a%® X 2a®?
—_ 4 a2+2b3+3 4 a?xlb.‘lxﬁ 4 adbﬁ
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6. Find the cube of 2 a3

SorLuTION. (2a%%)® =2 a®® X 2a®® X 2 a®®
— § q2tatapstats

= 8 a™PXI= 8 a%?.

Note. From the above operations, it is e¢vident that the
exponents of the several literal quantities in a power
are obtained by multiplying the exponents of the corre-
sponding literal quantities in the root by the exponent
of the power. |

Find the values of the following:
7. (2zy)d 9. (a’@z)*. 11. (3a®')%.  13. (3xy’a®)’.
8. (3¢ 10. (¥cx)® 12. (2a%%x')t. 14. (2abe)s

15. Verify the following results by multiplication :

(2ab):=4a’” (—2ab)’=4a®
(2ab)® = 8a%’. (—2ab)®= —8a®?. '
(2ab)* =16 a'd*. (—2ab)*=16a'". “e\ .!
(2ad)® = 32 a’’. (—2ab)® = — 32a%". :
From the above series of products it is evident that, N \
owers of a positive quantity are positive. B . II
[ (2) All evempowers of a negative quartity.are positive. :
/ (3) All odd pdwers of a negative qutm‘tz are negative. 0,
' Find the value of the following : L _) L7 {
16. (3be). Bl (—aze)h ¢ 26, (—3abd)t :

™ (= 5eid)2
18. (2b%)%

19. (3b'c®".
. (—3xl;’:z/"’z“)8.

2. (— az®d®)’ 27.) (— datea®)®
3. (—3abe)t. .28} (2Vex)”
24. (2Py%)L T 29." (—4a%%)"
25. (—3ab'a)’.  80.. (To'd%)"
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Lesson LXI.

-——'

1. Indicate the square of the sum of a and . Find
its value.

2. Indicate the square of the difference of a and b.
Find its value.

How many terms are there in each of the above powers ?

Of what does the square of the sum of two quantities
consist ?

Of what does the square of the difference of two quanti-
ties consist ? (Sce Lesson XXV., Theorems 1 and 2.)

3. What is the square of the sum of 2a and 3% ?

SorutioN. When the literal quantities have coefficients,
it is convenient to represent the terms by 2 and y and
restore the proper values in the square as follows :

Let x=2a,
and “y=3b.
Then (2a+3b)}’=(@+y)=2"4+22y+ 4>
=4ad
2ay=2 x 6ab=12ab.
=902

(2a+ 3b)?=4a* + 12ab + 9.

-

Find the squares of the following :

4. z41. 9. a®+ 2. 14. 22492 \‘

5. 2—u. 10. 3b—2y. \ 15. Ty —4ec. \
6. 4—¢c. . #-2 | 16 6-—20% '
1. 2242y 12. 2 — 22 Y17, 22— 332

8. 2—10. 13. 3c—4uw. 18. 3a% 4 3.

. —
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2a% 9 ) .
g = ]
- 2a% =2a’bx2h"’b_4ab’ . :
6 3wy*> 3z " Byt 9%yt ) -y

Aﬁo In finding the squ;x,re of a fraction the square of \

Z both terms of the fraction must be found. . .
J ©
, Md the squares of the followmg : -

g/ 2 ¥ os 1 {
- zy, ) +y :
fLO(L 20. 2% 22. x’y"‘ / 07/24. e ‘
NN 3“21’?/’ 23, TG~ gy 442
S :c—aq/ | [ z—1
<
e (A
26. What is the squareof a 4+b+¢? /-
4 1 /6

3

SorurioN. Let x7a-|bb; 0 }g
7then (a+b+c)"’z¥(z+c)2=m2+2:w+c’. |‘(

a4+ 2ab 4 b? U
lz'ﬁ‘

l 2ec=2xc(a+d)=2ac+2 ~

‘}/\(a-f-b-f-c) 7+@ub+b2+2ac+2g+ﬁ

/’ ind the squares of the fo@wmg

')/ 2, a+y+1. 29 w1
/1—a+b. 2«@21;




12 tens
Let ¢ re esent the tens of any number, a.nd )

———

N TR R

—

/ /SQUARI G OF NU

»(‘K (g e, SQUAFR

Any
2 is t e 51

. of the number

Then t+ u equals the number,1a.nd (t4+u)ie
v

et

square of the number.

o=

b7

14

).

= (20)* +2(20

= b{ -,
oK

/f C
‘\;0

1. 1 24,
. -),,

25 28
/ / -
& . 3 32
a 55 f 47
65 49.

75 34

The formula

-,

ubstitute for ¢ ndfz'then nuy

17
56
81
67
98

M

=400 4

31
7z
59
71

7
S {»

7

.\‘

4

o (W+y)(w—y)=f¥y? '

N

| LTY*
i D

71 .
8 119 1
110 T L;1,05,\’V ]
112,109 '~
126 129 (&
A
e N
s é o
4 “a
& , - /‘
4 0
r

b
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may be used to advantage in the squaring of numbers as
follows :

Transpose y°
P?=(+y)(=—y)+y*
7. Find the square of 34.

SorLuTioN. Let z =34,
and y=4;
then 2 =(2+9) (2 =)+

347 = (34 +4) (34 — 4)+ 42 =38 x 30 4 16 = 1156.
8. Find the square of 47.
SoLuTION. Let =47,
and y=3;
then 472 = (47 + 3) (47 — 3) +32 = 50 x 44 + 9 = 2209,
Nore. By the above formula, numbers less than 100 can
be readily squared by letting = equal the number to

be squared, and y equal the difference between this
number and the nearest multiple of 10,

Find the squares of the following:

9. 10. 11. 12. 13. 14.
22 23 31 71 54 14
18 27 42 63 91 25
16 29 53 65 45 98
97 56 73 25 83 36

84 72 69 51 49 61
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EVOLUTION —SQUARE ROOT.
Lesson LXIII.

1. Separate 4 a®* into two equal factors.

SoruTioN. The factors are 2ab® and 2ab% or — 2ab?
and — 2ab%. These quantities may be abbreviated by writ-
ing them thus:.

+ 2ab® and + 2ad®

'+ 2ab? is called the Square Root of 4 a?%*

NOTE Whenever a quantlty can be separated into two equal
factors, the quantity is a Perfect Square, and one of the
equal factors is the Square Root of the given quantity.
The sign v/~ , called the radical sign, indicates that
a root of the quantity written under the sign is to be
taken. Thus, V4a%* indicates that the square root
of 4a%* is to be found. ~/8a® indicates that the cube
root of 8¢a? is to be found. The number written in the

., angle of the radical sign indicates the root that is to be
taken.

Find the value of the following :

2. V9. 4. Va'td 6. Vai+2ab + b
3. V25. 5. Vot 7. Var—=2ab+ b

8. What is the“squa.re root of 4 a?+ 8ab +4b2?

SorutioN. When the square root is not evident on in-
spection, separate the quantity into its prime factors; then
combine the factors into two equal groups. The product of
one of these groups is the root sought.
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Thus, 40’4+ 8ab+40*=2 x 2 x (a + b) X (a+b). Com-
bine into groups 2(a + b) and 2(a + b). The square root

)
18a’xy + 9a%F.  10. V165 + 16by + 49°

11. Extract the square root of a®+ 2ab + b2

When the quantity of which the square root is to be
found is such that the root 'eannot be seen on inspection,
or found readily by sepaiatmfl)t into factors, proceed as

follows : 4 /
SoLUTION. ' ’l"’ ! Z: +2ab+ 0| a+b
Trial Divisor,” 2a | 2ab+ b
Complete Divisor, 2a + b | 2ab 4 b*

he first term of the root, equals b, the second term

The first term of the quantity is a®. Therefore its square

root, a, is the first term of the root sought. Subtracting a?

m the quantity, the remainder is 2 ab + b ’
he first term of the remainder, 2abd, divided by 2a,

f the root.

he second term of the root, the complete divisor is obtained,

nd this multiplied by b equals the remainder, 2 ab 4 b2
This method may be extended to roots, which contain

N

~t

v

‘\

SoruTION.

2a is called the trial divisor. By adding b,

X more than two_terms, in the following manner:

w 12. Extract the squareroot of a’+2ab+-b*+2ac+2be+-¢>

@’+-2ab4-0*+2ac+2bc+¢* | a+b+c
a2
2a | 2ab+4-b?
2 ab+b?

2a42b| 2ac+2bc+c2

J’ Complete Divisor, 2a+2b4c | 2ac+2betc?
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The firSt two terms of the root are found as in the pre-
vious problem. These two terms are then taken as one
term, and the succeeding term of the root is found in the same
manner as was the second term.

From these problems, the following metho
the square root of a polynoinial is derived :

Note. (1) Extract the square root of t,
the polynomial for the firgt te

trial divisor)gi e second term of the polynomial.
Annex the yuotient to the root and to the trial divisor.
(4) Multiply th¢ complete divisor by the term of the root
last found, ajjd subtract the product from the polynomial.
(5) If there is alremainder, regard the root already found
as a single term, double it for a trial divisor, and pro-
ceed as before.

Extract the square root of each of the following:
13. 4a’+20a +4. 15. 9 —30b%+ 2554
14. 362+ 48 2%a® + 16 a. 16. A+ cx+ ad

17. 9+ 6y+1.

18. 224 2axy+y* —22c—2yc + 2
19. 4a*—12a*+13a*—6a + 1.
20. B8 —4b0°4+100* — 1203+ 902

22. 1624+ 16cy + 4942+ 24ca +12a; + b‘l\
23. 402 —120b+90>—8a —12b + 4.
24. o —242° + 144.

420 — 122249

26 w’+4a.v+4a" \~I



112 ELEMENTARY LESSONS IN ALGEBRA.

SQUARE ROOT OF NUMBERS.
Lessoxn LXIV.
12=1. 102 = 100. 1002 = 10,000.

Observe that the square of any number between 1 and
10 must be a number of one or two places of figures.

The square of any number between 10 and 100 must be a
number of three or four places of figures.

To find how many places of figures there are in the root
of any number, count the number of places in the number
beginning at units, and allow two places of figures in the
number to each figure in the root.

Thus, in the number 729 there are three places of figures;
therefore there are two figures in the root. The square
root of 1225 has also two figures. The square root of
11,025 has three places of figures.

It is usual to divide a number, of which the square root
is to be found, into periods of two figures each, by placing a
dot over each alternate figure beginning with tens. The
number of dots equals the number of figures in the root, or
the number of figures in the root less one.

1. Find the square root of 2809.

SorutioN. The root will consist of two places of figures,
and hence is the sum of a number of tens and a number of
units.

Let t = the tens of the root,
and u = the units of the root;
then t 4+ u = the root of 2809,

and (t+u)? =1+ 2 tu 4 w® = 2809.
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\
Since ¢* is the square of a number of tens, it must be
wholly within the period to the left, or second period.

.. t4u
2809|150 + 3 = 53
=25
Trial Divisor, 2t =100[309 = 2tu 4 %%
Complete Divisor, 2¢ 4+ v = 103|309 = (2¢ + »)u.

The greatest square in the period to the left is 25. This,
therefore, is t? and its root 5 is ¢ and the first figure of the
root sought. Subtracting ¢* or 25 from the left period, and
bringing down the next period, leaves a remainder, 309,
which equals 2 tu + u®
- Since 2tu is a product of tens and units, it cannot
enter as a factor into units’ place.

Therefore we may tind » by dividing the remainder, 309,
by tor 5. w» is then added to 2¢, making 2¢+4-u, the com-
plete divisor, and also added to the root, giving the entire
root sought, ¢t 4+ ». Multiplying the complete divisor by %,
the product is 2tu + u? or 309.

2. Find the square root of 105,625.

SoLuTION. 105625 | 325
9

Trial Divisor, 60 | 156

Complete Divisor, 62| 124

Final Divisor, 640 | 3225

Complete Divisor, 645 | 3225

Proceed, as in Example 1, to find the first two figures of
the root. Multiplying the first complete divisor, 62, by 2,
and subtracting the product from the first remainder, 156,
leaves a second remainder, 3225. Regard the root so far
found as tens, double it for a trial divisor and proceed as
before.

EL. LESS. IN ALG. — 8
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The pupil must remember that in doubling the root already
Jound, he is using tens, and not units. Thus, in the above
problem, the first trial divisor 2¢ equals 60, not 6; and the
second trial divisor equals 640, not 64.

The following is the method of extracting the square
root of numbers :

Nore. (1) Divide the given number into periods of two
figures each, beginning at units.

(2) Extract the square root of the highest perfect square
in the period to the left. This root will be the first
tigure in the root sought.

(3) Subtract the highest perfect square from the period
to the left, and to the remainder annex the next period ;
regard this as a new dividend.

(4) Double the root found, regarding it as tens, for a trial
divisor. Divide the last remainder by the trial divisor,
and the quotient of this division is the second figure
of the root sought. Add this figure to the trial divisor

» for a complete divisor.

(5) Multiply the complete divisor by the figure of the root
last found, and subtract the product from the dividend.

(6) To the remainder annex the next period, double the
root hlready found, regarded as tens, for a trial divisor,
and proceed as before.

Find the square roots of the following:

3. 1225. 8. 70,756. 13, 625
1225
/{ 2025. 0. 13,225.
225
Y 5. 2209. 10. 272,474. 14. ﬂ)-2—4.
. 5786. 11. 55,225,
6. 5786 : L m
7. 3969. 12. 48,841, 19



SQUARE ROOT OF NUMBERS. 115

12 = .01 .012=.0001. .001% = .000001.
9% = .81. .09* = .0081. .009? = .000081.

From the above, it is evident that any decimal contains
twice as many places as its square root. Hence, if the
number whose root is to be extracted is a decimal, or
sontains a decimal, point off periods of two places each,
beginning at the decimal point, completing the period to
the right with a cipher, if necessary, thus:

0625.
.722510.
: Extract the square root of :
| 16. .16. 20. .0256. 24. 144.0196.
| 17. .225. 21. 25.0441. 25. 10000.01.
| 18. 6.25. 22. 7.29. 26. .T63876.
19. 12.25. 23. 1.96. . 21. 9.011025.

‘ 28. Find the square root of 2 to three decimal places.

2. [1.4144
1

20{1.00
24] 96
280|400
281|281
282011900
2824(11296
604

29. Find the square root of 5 to three decimal places.
30. Find the square root of .9 to four decimal places.

5(/ 12t ""\.
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MISCELLANEOUS PROBLEMS.
Lesson LXV.
1. Simplify 3ab+5¢—T7ab+8c+8ab—14c—2abd

Simplify 52%y — 3y +42%y — 82y + 5y + 2 32
-4zt 2fo+io—1§o+32+4o+2r="
z2—btr+ e+ 13z+42—20+fx—-13ec="?

5. Find the sum of: 3b+4xz—19y% 56472439 b
—6z+4y, —4b+92—84°

6. Find the sum of: a®*—3a’ +3ad®*— ¥, 3a*+ 7a%
—5ab®— 40, a®— ab®+ 508

7. Find the sum of: a* —4 2% + 6 2% — 4 2 + o, 52y
—122%% + 1227 =544 62y® — 6 3, 8a%y* — 122° + 84, oA

8. Find the sum of: %az’+ }a’+ 22% + b5, 3 az?
+ 1% +3a*— 20, 200’ + 3% — a* — } b, Jgaxt+ L2y
+ 3a?—3b%

9. From cxz — 14aby + 7 a®® subtract 9z — 14 aby + 155%

10. From 82%°+ 16xy® + 102y subtract 14 2%® — 8 2®
— 4y

11. From15:v’+10y’+8c3—bssubtract5yf+4c3+6b3.

12. From 32y* — 5z subtract 22%* — 22y 42— 5b + 6.

13. Simplify 32+ 2y — (22 — 2y).

14. Simplify Ta + 46 — (a + 20+ 4¢).

15. Simplify 42 — 3ay® — (z + y* — 4 ay?).

16. Simplify 4a® 4+ 30* — (—5a®—20b* — 3¢%).

17. Simplify 4a2® — 4ay? — (— 4 a2’ — 5ay?).

18. Simplify (z+ ) + (z —y) — (22 —2y).

Lol
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19. Simplify (¢ +y—a—b)—(y —a —b + x)+ (a —b).

20. Simplify (3a —4b) + (a —3b) — (4a—T7b—10).

21. Simplify (3b* — 20— 7) —(T+ 3> —4b%c+ 2) — 3.

22. Simplify (#*+ 2 ax + a?) — (2 — 2az + o) — (—4ax).

23. Simplify 44 -2+ 2+4+1—(—T—2—2*432%)
—(—42+ 22+ 22+ 8).

24. Simplify (7a + 2{) _ (3a R 30).

LEesson LXVI.

1. Expand (4z+ 5y)(2a + 32).

2." Expand (3a®+ 20%) (2a%+ 3b%).

3. Expand (a®+ ab + b*)(a + b).

4. Expand (2* + 22y + 3*) (= + ¥).

5. Expand (a®+ 2ab + %) (a® — 2ab + b%).

6. Expand (22° — 3ay + %) (* — 5ay).

.— 7. Expand (2a®+ 2a% + 2a2® + 22°%) (3a —
8. Expand (2® + zy + ¥*) (2* — 2y + o).
9. Expand (v —4)(x —5)(x + 4) (x + 5).
10. Expand (@ +¢)(a —c)(a+ b) (a — ).
11. Expand (@*+ 2+ 1) (P +2+1)(z—1)(x—1).

13. Divide 8a*— 8b* by 2a®>— 202

14. Divide ax 4 bx — ay — by by a +b.

C/L/\/\( ! !

12. Multiply




M IDivide a®+ b® + 5ab* + 5a% by a*+ 4ab + b

/ 4
4 UGGESTION. In dividing, the terms of the dividend and
e divisor should be arranged according to the powers of
ome gommon letter. The dividend in the above problem
shelld be arranged as follows :

8
Q’>-r“&) a®+ 5a® 4 5ab® + b
& Divide #* — y*+ 3zy* — 32% by z —y.
. Divide 42* — 64 by 22 —4.
. Divide a®—5a' 4+ 10a°*—10a%*—10a%*+5ab*—b*
Yy o —2ab + b2
iy c—o Lt - - —— — .
6. DIEE @ 2a% + b by (*+ab+ ). Ov b e 20dotf®
2t Divide 2*+ (a + b + ¢)2® + (ab + ac + bc)z + abe by
v (x4 b)(x+c). N

22. Divide (a —2)(« —1)a(a+1)(a+2) by a*—a—2.
. x at—2o a
23. Multiply o and —a together.
4. Multipl @ gy =2,
24. Multiply ¢+ ——— by o1 .{ .
_ ‘ 3 '
25. Divide xg—?’—’/2 by 4. R \S)
—xy+y &:\ .
26. Divide — % by 2+1, Y
a’—1 a—-1 . ~ !
1+ay NI
. N . -
27. Expand <1 —a)
3 2
28. Divide £+ % py ¥ —2a+a’
3 6

———

—_—— A
q 9 2
. Divid (a+b)® b @ +2ab+ b
29 1vide Tab y 140
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Lessoxn LXVII.

5a? 10a’a:+5ao;’
8a*— 8a’x

2. Reduce &=+ g, 4 simplest form.
a4 ab + ac

1. Reduce

s simplest form.

" Reduce E=E+Y) 4 its simplest form.

@—9)2/

3
c—a to a fraction.
a—0b \

4. Reduce a®+ ab +

5. Reduce to a mixed quantity.

gt
N 3 7 4—-20a
6. Slmphxfx —2a z+2a 2Z—4a

xy _l_bzf 3
a4+ a4+

7. Slmphfy

8.}&@1&«[ (2 a—

\
4N 3a—4b ,15a—42 2a—b—2
. 9. ) Simplif -

\'\ implify 3 + 12 3

\

N
Find the value of:

10, @=9'y ¥
ity a@—y)

()G

20 | a

@ T AT

a—-a:)_(a_5m+a:—a>.
a x
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13. (a+b b) '}__L>. '
2¢ .

42413 9a:+13 22414

T The—2 0T 5
. '% 3 z+1_ 2*
o - T4l z—1 #£-—1

) \9. 9+1Oa;—6x(1—%>=2a
TR
‘ :.; \:.;‘, P - \

N - ; . ~ ~. N\

R - :\Z N !
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43—4+7=3ng_-—5)-+27.
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Lesson LXX.

‘1. The tail of a fish weighs 9 pounds. His head weighs
as much as his tail and half his body, and his body weighs
as much as his head and tail together. What is the weight
of the fish ?

2. A third part of a barrel of molasses leaked away.
Twenty-one gallons were then drawn, leaving the barrel
1. How many gallons did the barrel hold ?

A workman received $2 per day and his board for
h day that he worked. When he was idle, he paid $1
r day for board. At the end of 48 days he received $42.
How many days did he work, and how many days was he
idle ?

4. One half of a gentleman’s estate was left to his
widow, one sixth to each of his two daughters, and one
twelfth to a servant. The remainder, which was $ 500,
» was left to the poor. What was the value of the estate ?

5. Mr. A’s estate was divided as follows: his widow
‘ received one third of the estate and $ 1000 ; his son received

one half as much as the widow; his daughter received
‘ twice as much as the son. What was the value of the
estate, and what was the share of each ?

6. Find three consecutive numbers whose sum is 84.

7. Find five consecutive numbers whose sum is 125.

8. Find five consecutive numbers, such that the least
divided by the greatest equals 3.

9. A sum of money is divided between two persons, A
and B, so that as often as A receives $9 B receives $4.
A receives $20 more than B. What are their respective
shares of the money ? \
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Lesson LXXI.,

/ 1. What number is that whose third pa.rt les 1& exceeds
its sixth part plus 15 by 5? = g

2. Find two numbers in the ratio of 2 to 3, to each of Zq
which, if 4 be added, the sums will be to each other as 5 t07. /. v

3. A gentleman divided $2 among 12 children, giving
to certain children $.18 each, and to the others $.14 each.
To how man cﬁﬂdren did he glve $ 18 ? To how many,
4. A grocer has two kmds of tea., one worth $.72 per
pound, the other $.40 per pound. How many pounds of
each must be taken, to fgpn a hest of 48 lb whlch slzzll
be worth $.60 per pound ? oat 4o

5. What number is that to which 1f 1 4, and 10 are
severally added, the first sum will be to the second as the
second is to the third? Y = 2

6. What number is that to which if 2, 5, and 9 are
severally added, the first sum will be to the second as the
second is to the third ? X=Z -

7. Find a number, such that one third thereof added to
one fourth of the same will equal one sixth of it increased
by 30. X= 7 2

8. Two persons, A and B, invested equal sums of money
in trade. During the year, A gained $ 504, and B lost $ 348,

when A’s mopey is twice B’s. How much money did each
invest ? / 2 ¢ O

9. A train of cars, moving at the rate of 20 miles per
hour, had been gone three hours when a second train fol-
lowed at the rate of 25 miles per hour. In what tlme did’
the second train overtake the first ? \N\

' \

=]

l

f_‘-J



WS' 125

LEssox, LXXII.

1. Multiply a certain number by 5, subtract 24 from the
product, divide the remainder by 6, and add 13 to the quo-
ient, and the result is the original number. What is the
umber ? :
2. A pile stands o 4 the ground, one half in the
above water. How long is the pile ?

f 3 is added to the numerator of. a certain fraction,

at the same time, 3 is subtracted from the denomina-

, the value of the fractiom is 2. Also, twice the numera- -
N t plus 6 divided by three times the denominator minus 4

uals 1. Find the fraction.

4. If 2 is subtractel from the numerator of a certain
raction, and at the same time 3 is added to the denomina-
or, the value of the fraction equals {{;. And fourteen times
the numerator equals six times the denorhinator. Find the
fraction.

5. The sum of two numbers is 12, and the difference of
their squares divided by the sum of the numbers is 2.
Find the numbers. ¥<7 =4 7

6. The weights of two load;Z wagons were in the ratio of
4 to 5. Parts of their loads, in the ratio of 6 to 7, being
taken out, the weights of the loaded wagons were then in
the ratio of 2 to 3, and the sum of their weights was 10 tons.

Q‘ Find their weights at first. = 2 o= 17 ‘g 0
~ 7. A mast of a ship consists of two parts. One sixth o

the lower part added to one half of the upper equals 35
R feet. Three times the lower part diminished by six times
the upper equals 30 feet. Find the height of the mast. f/

8. There are two numbers whose difference is 5. The
quotient of the greater divided by the less is also 5. Find /b /3

the n:l% o t\
R D
\

N



. ‘Lessby IXXIII.

1. Seven years ago A wdy'seven times as old as B, and
three years hence A will be three times as old as B. Find

their ages. 4 Z_._ /7 <

2. Find two numbers, such that if ided by
6 and the second by 5, the sum of t be 52;
and if the first be divided by 8 and y 12, the

sum of the quotients will be 31.

3. A gentleman has two horses and”one cayriage. The
first horse is worth $120. If the first horse is harnessed
to the carriage, together they will be worth twice as much
orse. But'if the second horse is harnessed
( orse and carriage will' be worth three
times thp valu®of/the first horse. Find® the value of the
second hprde 1n8. f the carriage. %\ ?

4. A gdgfl€phn employed 5 men and 4 boys to Work
for one day, and paid them all together $10.50. The next
day he hired, at the same wages, &wnen and 6 boys, and
paid them all together $ 6&]. Wha.t were wages of
each man and boy ty

5. A number 1s%pressed by two dxglts., If to the sum

of the digits 7 is added, the result will be three times the’

left-hand digit. If 18 is subtracted from the nymber, the
digits are inverted. Find the nM
6. A and B together had capital of $9800. A

invested one sixth of his capital, and B one fifth of his,
whereupon each had the same sum left. How much had
each before the investment ?

7. A farmer bought 100 acres of land for $2450. Fo
part of it he paid $20 per acre, and for the rest he paid
$30 per acre. How many acres were there in each part ?




a,u.,au,«.,c. \/) gﬁz s .
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r

8. A grain dealer sold 47 bushels of cora and 18 bushels
of wheat to one man for $45.26, and 3 bushels of corn and
63 bushels of wheat to another at the same price for $ 64.74.
Find the cost of each per bushel.

9. The hour and minute hands of a clock are together, !
at noon. At what time will they be together again ? -

-
i /%L(;; Lesson LXXIV.

1. The square of the sum of two numbers equals
the square of their difference equals 4. Find th

2. The sum of the squares of two numbers less 4
twice their product. Twice the greater plus 2 divi
three times the less minus 3 equals 2. Find

3. The sum of the cubes of two nygple
sum of their squares less their pyé
half of the first number plus 1 equ
the second. Find the numbers. ;

<

4. The product of the sum andgifferghce of two numbers
is 75, and the sum of their squafes equalls 125. Find the
numbers.

5. A party who had hired a coach found that if there N
had been three more persons they would each have had to o
pay $1 less than they did pay, and if there had been two )
less, they would each have had to pay $ 1 more. How many A
persons were there, and how much did each pay ? P

6. A and Ccan do a piece of work in 6 days. B and
C can do it in 8 days. If A can do § as much as B, in
what time can they all do it, working together ?

// ),/"'

/
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7. A man has a rectangular lot, such that twice the length
increased by 6 yards equals four times the width dimin-
ished by 4 yards, and the distance around 1t is 50 yards.
Find the area of the lot.

8. A fishing rod consists of two parts. The length of
the upper part is § of the lower part, and four times the
upper part plus five times the lower part equals 8 more than
four times the length of the rod. How long is the rod ?

9. What number is that which, being divided by 9, gives
the same quotient as 16 divided by the number ?

10. Divide the number 73 into two such parts, that the
difference between the greater and 77 equals three times
the difference between the less and 40.
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